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RIGIDITY OF FREE PRODUCT VON NEUMANN ALGEBRAS 


CYRIL HOUDAYER AND YOSHIMICHI UEDA 


Abstract. Let I be any nonempty set and any family of nonamenable factors, 

endowed with arbitrary faithful normal states, that belong to a large class Canti-free of (possibly 
type III) von Neumann algebras including all nonprime factors, all nonfull factors and all factors 
possessing Cartan subalgebras. For the free product (M, ip) = ipi), we show that the 

free product von Neumann algebra M retains the cardinality |7| and each nonamenable factor 
Mi up to stably inner conjugacy, after permutation of the indices. Our main theorem unifies 
all previous Kurosh-type rigidity results for free product type IIi factors and is new for free 
product type III factors. It moreover provides new rigidity phenomena for type III factors. 


1. Introduction and statement of the Main Theorem 

In his seminal article [OzOd] , Ozawa obtained the first Kurosh-type rigidity results for free prod¬ 
uct type III factors. Among other things, he showed that whenever m > 1 and Mi,..., are 
weakly exact nonamenable nonprime type IIi factors, the tracial free product von Neumann 
algebra Mi * • • • * Mm retains the integer m and each factor Mj up to inner conjugacy, after 
permutation of the indices. Ozawa’s approach to Kurosh-type rigidity for IIi factors was based 
on a combination of his C*-algebraic techniques |Oz03j and of Popa’s intertwining techniques 
[pHnTllPHn^ (see also |OP03j ). Shortly after, using Popa’s deformation/rigidity theory, loana- 
Peterson-Popa obtained in |IPP05j Kurosh-type rigidity results for tracial free products of 
weakly rigid type IIi factors, that is, IIi factors possessing regular diffuse von Neumann subal¬ 
gebras with relative property (T) in the sense of [Po m- These Kurosh-type rigidity results for 
III factors were then unified and further generalized by Peterson in |Pe06] , using his L^-rigidity 
techniques, to cover tracial free products of nonamenable h^-rigid type IIi factors. In [AsOQ] . 
Asher extended Ozawa’s original result [OzOd] to free products of weakly exact nonamenable 
nonprime type IIi factors with respect to nontracial states. 

Regarding the structure of free product von Neumann algebras, the questions of factoriality, 
type classification and fullness for arbitrary free product von Neumann algebras were recently 
completely solved by Ueda in [Uelf)| . For any free product (M, y?) = (Mi, 991 ) * {M 2 ,^P 2 ) with 
dime Mj > 2 and (dime Mi, dime M 2 ) 7 ^ (2,2), the free product von Neumann algebra M 
splits as a direct sum M = Me © M^ where M^ is a full factor of type IR or of type HR 
(with 0 < A < 1) and M^ = 0 or M^ is a multimatrix algebra. Moreover, Chifan-Houdayer 
showed in [CHDSj (see also [Uelf)| ) that Me is always a prime factor (see Peterson |Pe06] for 
the previous work in the tracial case) and Boutonnet-Houdayer-Raum showed in |BHR12] 
that Me has no Cartan subalgebra (see loana [THT^ for the the previous work in the tracial 
case). Very recently, in our joint work |HU15| . we completely settled the questions of maximal 
amenability and maximal property Gamma of the inclusion Mi C M in arbitrary free product 
von Neumann algebras. In view of these recent structural results obtained in full generality, it 
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is thus natural to seek for Kurosh-type rigidity results for arbitrary free product von Neumann 
algebras. 

In this paper, we unify and generalize all the previous Kurosh-type rigidity results to arbitrary 
free products over arbitrary index sets I, where all Mj are nonamenable 

factors that belong to a large class of (possibly type III) factors that we call anti-freely decom¬ 
posable. In order to state our Main Theorem, we will use the following terminology. 

Definition. We will say that a nonamenable factor M with separable predual is anti-freely 
decomposable if at least one of the following conditions holds. 

(i) M is not prime, that is, M = Mi (8) M 2 where Mi and M 2 are diffuse factors (e.g. M 
is McDuff). 

(ii) M has property Gamma, that is, the central sequence algebra M' n M‘^ is diffuse for 
some nonprincipal ultrafilter uj £ /3(N)\N (e.g. M is of type IIIq; see [Co741 Proposition 
3.9]). 

(iii) M possesses an amenable hnite von Neumann subalgebra A with expectation such that 
A' D M = 2:(A) and Mm{A)'' = M (e.g. M possesses a Cartan subalgebra). 

(iv) M is a IIi factor that possesses a regular diffuse von Neumann subalgebra with relative 
property (T) in the sense of [PoOll Definition 4.2.1] (e.g. M is a IIi factor with property 
(T) [UM]). 

We will denote by Canti-free the class of nonamenable factors with separable predual that are 
anti-freely decomposable in the sense of the above definition. 

Recall that the Kurosh isomorphism theorem for discrete groups (see e.g. [CM821 pp 105]) says 
that any discrete group can uniquely (up to permutation of components) be decomposed into 
a free product of freely indecomposable subgroups. It is not clear at all how to capture freely 
indecomposable von Neumann algebras practically. However, all the known general structural 
results on free product von Neumann algebras suggest that Canti-free is indeed a natural large 
class of freely indecomposable factors. Hence the Main Theorem of this paper stated below is 
indeed a von Neumann algebra counterpart of the Kurosh isomorphism theorem and unifies all 
the previous counterparts. 

Main Theorem. Let I and J be any nonempty sets and and {Nj)j^j any families 

of nonamenable factors in the class Canti-free- For each i £ I and each j £ J, choose any 
faithful normal states (pi £ and ifj £ Denote by {M,ip) = and 

{N,^;) = *j^j{Nj,iljj) the corresponding free products. 

(1) Assume that M and N are isomorphic. Then j/j = jjj and there exists a bijection 
a '. I ^ J such that Mi and N^^i) are stably isomorphic for all i £ I. 

(2) Assume that M and N are isomorphic and identify M = N. Assume moreover that Mi 
is a type HI factor for all i £ I. Then there exists a unique bijection a : I ^ J such 
that Mi and Na[i) are inner conjugate for all i £ I. 

Our Main Theorem is new for free products of type HI factors. In that case (see item (2)), our 
statement is as sharp as all previous Kurosh-type rigidity results for free products of type IR 
factors. We point out that for tracial free products, our Main Theorem is still new in cases (i), 
(ii) and (iii) when the index set I is infinite (compare with [Oz04l [Pe06l 11012] i. 

We now briefly explain the strategy of the proof of the Main Theorem. We refer to Sections 
m and [5] for further details. As we will see, the proof builds upon the tools and techniques 
we developed in our previous work |HU15| on the asymptotic structure of free product von 
Neumann algebras. Using the very recent generalization of Popa’s intertwining techniques 
in [HI 151 §4], it suffices, modulo some technical things, to prove the existence of a bijection 
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a : I ^ J such that Mj :<m and N^^i) for all i ^ I. To simplify the discussion, 

fix i G /. We need to show that there exists j G J such that Mi :<m Nj. 

Firstly, assume that Mj is in case (i) or (ii). Exploiting the anti-free decomposability property 
of Mi (in case (i)) and a new characterization of property Gamma for arbitrary von Neumann 
algebras (in case (ii)) (see Theorem 13.ip together with various technical results from our previ¬ 
ous work |HU15j . it suffices to prove that for a well-chosen diffuse abelian subalgebra A C Mi 
with expectation whose relative commutant A' D Mi is nonamenable, there exists j (z J such 
that A :<M Nj. This is achieved in Theorem 14.41 bv using a combination of Popa’s spectral gap 
argument |Po06] together with Connes-Takesaki’s structure theory for type III von Neumann 
algebras |Co72[ lTa03j and Houdayer-Isono’s recent intertwining theorem [HI15] . Secondly, as¬ 
sume that Mj is in case (iii). Then it suffices again to prove that there exists j G J such 
that A :<M Nj. The proof is slightly more involved (see Theorem lifol) and relies on Vaes’s 
recent dichotomy result for normalizers inside tracial amalgamated free product von Neumann 
algebras |Val3| (improving loana’s previous result [Iol2] and involving Popa~Vaes’s striking 
dichotomy result [PVll] ) instead of Popa’s spectral gap argument [PoDB] (see Appendix [A]) . 
Thirdly, assume that Mj is in case (iv). Then it suffices to prove that there exists j G J such 
that A :<M Nj where A C Mi is a diffuse regular subalgebra with relative property (T). This 
is achieved in Theorem 14.81 bv reconstructing [IPPDBl Theorem 4.3] in the semifinite setting. 

In Section [6l we prove further new results regarding the structure of free product von Neumann 
algebras. In particular, we obtain a complete characterization of solidity |Oz03j for free products 
with respect to arbitrary faithful normal states and over arbitrary index sets. 

Acknowledgments. The first named author is grateful to Sven Raum for allowing him to 
include in this paper their joint result Theorem 13.II obtained through their recent work [HR,14] . 
He also warmly thanks Adrian loana for sharing his ideas with him and for thought-provoking 
discussions that led to Proposition 14.21 
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2. Preliminaries 

For any von Neumann algebra M, we will denote by Z{M) the centre of M, by zm{&) the 
central support of a projection e G M, by U{M) the group of unitaries in M, by Ball(M) 
the unit ball of M with respect to the uniform norm || • ||oo and by (M, L^(M), the 

standard form of M. We will say that an inclusion of von Neumann algebras P C IpMlp is 
with expectation if there exists a faithful normal conditional expectation Ep : IpMlp —)■ P. 
We will say that a cr-finite von Neumann algebra M is tracial if it is endowed with a faithful 
normal tracial state r. 
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Background on cr-finite von Neumann algebras. Let M be any cr-finite von Neumann 
algebra with unique predual M* and tp £ M* any faithful state. We will write ||x||^ = 
for every x £ M. Recall that on Ball(M), the topology given by || • ||,^ coincides with the cr- 
strong topology. Denote by the unique representing vector of p. The mapping 

M —>■ L^(M) : X i-A x^ip defines an embedding with dense image such that ||x||^ = ||ic^(^||L2(M) 
for all X £ M. 

We denote by the modular automorphism group of the state (p. The centralizer of the 
state p is by definition the fixed point algebra of The continuous core of M with 

respect to p, denoted by c^(M), is the crossed product von Neumann algebra M R. The 
natural inclusion -k^ : M ^ c^{M) and the unitary representation : R ^ c^(M) satisfy the 
covariance relation 

\{t)'K^p{x)\^{t)* = 'Ktp{af{x)) for all X £ M and all t £ R. 

Put L(p(R) = A,^(R)". There is a unique faithful normal conditional expectation : 

Ctp{M) —^ L<^(R) satisfying EL^(R)( 7 r^(x)A(^(t)) = p{x)\^{t) for all x £ M and all t £ R. 
The faithful normal semifinite weight defined by / i—)• exp(—s)/(s) ds on L°°(R) gives rise 
to a faithful normal semifinite weight Tt;^ on L(^(R) via the Eourier transform. The formula 
Tt;^ = Tr,^ o extends it to a faithful normal semifinite trace on c^(M). 

Because of Connes’s Radon-Nikodym cocycle theorem |Co72[ Theoreme 1.2.1] (see also |Ta03[ 
Theorem VIII.3.3]), the semifinite von Neumann algebra C(^(M) together with its trace Tr<^ does 
not depend on the choice of p in the following precise sense, € M* is another faithful state, 
there is a canonical surjective ^-isomorphism : c^(M) —>■ c<^(M) such that ovr^ = tT;^ 
and Tr,^ o = Tr^. Note however that does not map the subalgebra L^(R) C c^{M) 
onto the subalgebra L<^(R) C c^{M) (and hence we use the symbol L^(R) instead of the usual 
L(R)). 

We start with a rather technical lemma. 

Lemma 2.1. Let M he any cr-finite von Neumann algebra endowed with any faithful state 
p £ M*. Then for any projection p £ M, there exists a projection q £ M‘^ such that p ^ q in 

M. 

Proof. Replacing M with Mzm {p) with the central support zm (p) , we may and will assume that 
zm{p) = 1- By [KR971 Proposition 6.3.7], one can decompose p = Pi-\-p 2 along M = Mi 0 M 2 
so that Pi is finite and p 2 is properly infinite. Since M is cr-finite, p 2 is equivalent to 1 m 2 ) which 
clearly belongs to M‘^. Hence we may and will assume that p is finite with zm{p) = 1 and 
hence M is semifinite. Write p = Tr(/i •) for some nonsingular positive selfadjoint operator h 
affiliated with M and take a MAS A A <Z M that contains \t £ R}". We have A <Z . 
Since A is a MASA with expectation, A is generated by finite projections in M (see e.g. [TbTTl 
Proposition 4.4] but this case can be proved without such a general assertion). We will prove 
that p is equivalent in M to a projection in A. Thanks to |Ka82[ Corollaries 3.8, 3.13], we may 
and will assume, by decomposing M into the components of type R, IR and IIoo, that M is of 
type IIoo. Here is a claim. 

Claim. For any nonzero finite projection e £ M and any nonzero projection / £ A such 
that ZM{e)zM{f) / 0, there exist nonzero projections e' £ eMe and /' £ A/ such that e' is 
equivalent to f in M. 

Proof of the Claim. As we observed before, there is an increasing sequence of projections rn & A 
that are finite in M and such that —)• 1 cr-strongly. By assumption, there exists x £ M such 
that ex/ 0. Then there exists ng so that exfrn^ 7 ^ 0. Taking the polar decomposition of the 
element ex/r„Q, we can find a nonzero subprojection e' of e such that e' is equivalent in M to 
a subprojection s of /r„Q. Observe that s may not be in A. Hence we have to work further. 
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Consider the MAS A Afrno ™ type IIi von Neumann subalgebra frnoMfrno- By [Ka82[ 
Proposition 3.13], we can find a projection f G Afrno ^ that is equivalent to s in M. □ 

By Zorn’s lemma, let be a maximal family of pairs of projections such that {pi)i^i 

and {qi)i£i are families of pairwise orthogonal projections, all pi are subprojections of p, all qi 
are in A and pi ~ qi for every i G J. Suppose that e := p — Yli^i Pi ^ P^t / := 1 — Qi- 

Observe that the central support of / must be equal to 1 since qi ~ Pi ^ P finite 
and M is of type IIoo and hence properly infinite. Therefore, by the above claim, there exist 
nonzero projections po, qo such that po < e, qo < f, qo € A and po ~ qo, a contradiction to the 
maximality of the family {{pi,qi))i£i- Consequently, p = Yln^iPi ~ ^ Hence we are 

done. □ 

The following simple application of the previous lemma will turn out to be useful for Popa’s 
intertwining techniques in the type III setting. 

Proposition 2.2. Let A d M be any unital inclusion of a-finite von Neumann algebras with 
expectation and p G A' n M any nonzero projection. Then Ap C pMp is also with expectation. 

Proof. By assumption we may choose a faithful state if G M* such that A is globally invariant 
under the modular automorphism group and, in particular, so is A' n M. Put p := iPIa'ciM 
and observe that {A' D M)‘^ C M'^. Applying Lemma ITT] to p € A' f] M with cp we obtain 
a partial isometry u G A' n M such that vv* = p and v*v G (A' n C M'^, the latter 
of which shows that Av*v C v*vMv*v is with expectation. Since u G A' n M, the inclusions 
Av*v C v*vMv*v and Ap C pMp are conjugate to each other via Ad(u) and hence Ap C pMp 
is with expectation. □ 

Recall that for any inclusion of von Neumann algebras A C M, the group of normalizing 
unitaries is defined by 

A/'m(A) = {u G U{M) : uAu* = A}. 

The von Neumann algebra Mm{A)" is called the normalizer of A inside M. The next result is 
a variation on [Pon3[ Lemma 3.5] and will be used in the proof of Theorem 14.61 

Proposition 2.3. Let M be any a-finite von Neumann algebra and A C M any von Neumann 
subalgebra. Assume moreover that A'flM = 2(A). Then for any nonzero projection p G 2(A), 
we have 

MpMp(Ap)'' = p(Mm(A)'')p. 

Proof. For any u G J\fpMp(Ap), we have u := u + (1 — p) G Mm(A) and pvp = u. Thus, 
AfpMp(Ap) C pMm(A)p and hence the inclusion (c) holds without taking double commutant. 
Therefore, it suffices to prove the reverse inclusion relation. 

Write N := Mm (A)" for simplicity. Let u G Mm (A) be an arbitrary element. Set v := 
pup. Since Ad(u)|A gives a unital ^-automorphism of A, we have u2(A)u* = 2(A) so that 
v*v = u*pup and vv* = upu*p are projections in 2(A). In particular, u is a partial isometry. 
Moreover, it is plain to see that for each a G A, we have 

vav* = (uau*)(upu*)p G Avv* and v*av = (u*au)(u*pu)p G Av*v. 

Hence, vAv* = Avv* and v*Av = Av*v. Observe that 2(N) C A' D M = 2(A). 

Claim. There exists a partial isometry w G N such that (i) w*w,ww* G 2(A)p, (ii) wAw* = 
Aww*, w* Aw = Aw*w, (iii) wv*v = v = vv*w, and moreover that (iv) with letting z := 
zn(w*w) = zn(ww*) G 2(A)p (see the notation at the beginning of this section), there exist 
orthogonal projections 2 : 1 , 22,23 G 2(N) with 21 -|- 22 -|- 23 = 2 so that 

• w*wzi = 2i but WW*Zl ^ 2l, 
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• w*wz 2 ^ Z 2 but ww*Z 2 = Z 2 and 

• 'W*WZ3 = Z3 = WW* Z^. 


Proof of the Claim. To this end, choose a maximal family of partial isometries Wi £ M such 
that {w*Wi)i and {wiW*)i are families of pairwise orthogonal projections, WiAw* = AwiW*, 
w*Awi = Aw*Wi, w*Wi < p — v*v and WiW* < p — vv*. Then w := v + dearly enjoys 

(i)-(iii). 

Choose a maximal orthogonal family of projections z^i G Z{N)z such that w*wz^i = 2 : 3 * = 
ww*Z 3 i. Set 23 := Choose a maximal orthogonal family of projections Z 2 j G Z{N)(z — 

Z 3 ) such that ww*Z 2 j = Z 2 j. Set Z 2 ■= ^‘ 2 j- construction, we have w*wz^ = Z 3 = ww*Z 3 

and w*wz 2 ^ 22 = ww*Z 2 . Set zi := z — Z 2 — Z 3 . Assume that zi 7 ^ 0; otherwise we are 
already done. By the maximality of the families {z 2 j)j and {z 3 i)i, observe that no nonzero 
projection z' G Z{N^z\ enjoys ww*z' = z'. This means that the central support of z\ — ww*zi 
in N is equal to zi. Suppose that w*wzi ^ zi. Then {zi — ww*zi)N{zi — w*wzi) ^ {0} 
must hold. Hence there exists x G Mm{A) such that {zi — ww*zi)x{zi — w*wzi) / 0. Observe 
that zi G Z{N) G A' n M = Z(A). Thus the first part (dealing with the v) shows that 
Wo := {zi — ww*zi)x{zi — w*wzi) £ N is a new nonzero partial isometry such that WqWq £ 
Z(A)(zi — w*wzi), wqWq £ Z(A)(zi — ww*zi), wqAwq = AwqWq and WqAwq = AwqWq, a 
contradiction due to the maximality of the family {wi)i. Hence w*wzi = zi (and ww*zi ^ zi). 
Thus we have proved the claim. □ 

Write Wk '■= wzk, k = 1,2,3. Observe that Z{N) C A' Ci M = Z{A) and hence each Wk, 
in place of w, satisfies (i)~(ii) in the above claim. We will first deal with wi when it is 
nonzero. Set ei := zi — wiwl / 0 and e* := w\~^eiw\''~^^ i = 2,3,.... Observe that all the 
projections e„ are in Z{A)zi., since Ad(tt)i)|Azi defines a unital *-isomorphism between Azi 
and Awiw\ with wiw\ £ Z(A). We claim that the projections en are pairwise orthogonal. 
Indeed, if i ^ j, we have 0 < CjCj = w'\~^eiw\^~^w\~^eiw\^~^ = wf~^{eiw^i~^eiw\^~^)w\'‘~^ < 
w\~^{{zi — u;it(;*)(rcit(;j'))r(;|*“^ = 0 so that ejCj = 0. We also claim that wifw\ = / with 
f ■= zi - Yln>i^n- Indeed, wifwl = wiw^ - En >2 - (zi - - En >2 = 

- En>ien = /• Put u;i(n) := U;i(X]r=/ + W^^-^Cn + Ej>n +1 + Wif + {p - Zi). 

Clearly, all the elements wi{n) are in MpMp{Ap) and wi(n)zi = 2 ;i'u;i(n) converges to wi as 
n —)■ 00 and hence wi £ MpMp{Ap)". Similarly, we can prove that W 2 £ AfpMp{Ap)", implying 
that W 2 £ AfpMp{Ap)". Finally, it is trivial that W 3 + {p — Z 3 ) £ MpMp{Ap), implying that 
W 3 £ MpMp{Ap)". Consequently, we have v = vv*w = vv*{wi +W 2 + W 3 ) £ MpMp{Ap)". Hence 
we are done. □ 

We point out that we do not need to assume the inclusion A C M to be with expectation in 
Proposition 12.31 

Popa’s intertwining techniques. To fix notation, let M be any cj-finite von Neumann alge¬ 
bra, 1a and 1b any nonzero projections in M, A C IaMIa and B C I^MI^ any von Neumann 
subalgebras. Popa introduced his powerful intertwining-by-himodules techniques in |PoOI| in 
the case when M is finite and more generally in [Po03] in the case when M is endowed with 
an almost periodic faithful normal state qp for which 1a £ , A C 1 Aim'll a and Is G 

B C IbM^Ib- It was showed in |HVI21 rtJeI2| that Popa’s intertwining techniques extend to 
the case when B is finite and with expectation in IbMIb and A C IaMIa is any von Neumann 
subalgebra. 

In this paper, we will need the following generalization of [PoOIl Theorem A.I] in the case when 
A C IaMIa is any finite von Neumann subalgebra with expectation and B C IsMIs is any 
von Neumann subalgebra with expectation. 
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Theorem 2.4 ^ |HI15[ Theorem 4.3]). Let M he any a-finite von Neumann algebra, 1 a and 
1 b any nonzero projections in M, A C IaAIIa and B C IbMIb any von Neumann subalge¬ 
bras with faithful normal conditional expectations : IaMIa —> A and : IbMIb B 
respectively. Assume moreover that A is a finite von Neumann algebra. 

Then the following conditions are equivalent: 

(1) There exist projections e ^ A and f £ B, a nonzero partial isometry v € eMf and a 
unital normal *-homomorphism 9 : eAe —>■ fBf such that the inclusion 9{eAe) C fBf 
is with expectation and av = v6{a) for all a £ e^e. 

(2) There exist n > 1, a projection q £ a nonzero partial isometry v £ 'M.i^n{lAM)q 

and a unital normal *-homomorphism ir: A ^ qNln{B)q such that the inclusion vr(A) C 
qls/ln{B)q is with expectation and av = v'K{a) for all a £ A. 

(3) There exists no net {wi)i^i of unitaries inU{A) such that limj EB{b*Wia) = 0 a-strongly 
for all a,b £ IaM 1 b ■ 

If one of the above conditions is satisfied, we will say that A embeds with expectation into B 
inside M and write A :<m B. 

Moreover, |HI15l Theorem 4.3] asserts that when B C IbMIb is a semifinite von Neumann 
subalgebra endowed with any fixed faithful normal semifinite trace Tr, then A :<m B if and 
only if there exist a projection e £ A, a Tr-finite projection f £ B, a nonzero partial isometry 
V £ eMf and a unital normal ^-homomorphism 9 : eAe —)• fBf such that av = v9{a) for all 
a £ eAe. Hence, in that case, the notation A :<m B is consistent with |Uel2l Proposition 3.1]. 
In particular, the projection q £ M„(i?) in Theorem 12.41 (2) is chosen to be finite under the 
trace Tr( 8 )tr„, when B is semifinite with any fixed faithful normal semifinite trace Tr. We refer 
to |HI15l Section 4] for further details. 

Remark 2.5. Keep the notation of Theorem 12.41 

(1) Proposition 12.21 gives the following useful additional facts to Theorem 12.41 The inclu¬ 
sions eAevv* C vv*Mvv* and 9{eAe) v*v C v*vMv*v in (2) are also with expectation. 
Likewise, the inclusions Aww* C ww*Mww* and 'k{A)w*w C w* wls/ln{M)w* w in (3) 
are also with expectation. 

( 2 ) Assume that there exist k > 1 and a nonzero partial isometry u £ such 

that uu* £ A' n IaMIa and u*Au ^Mfc(M) Mfc(il). Then A B holds. Indeed, 
there exist n > 1, a projection q £ M„(Mfc(M)), a nonzero partial isometry w £ 

uMfc(M))g and a unital normal ^-homomorphism vr : u*Au —)■ gM„(Mfc(R))g 
such that the unital inclusion 7 r{u*Au) C qM„(Mfc(iI))g is with expectation and yw = 
W7r{y) for all y £ u*Au. Define the unital normal *-homomorphism l : A ^ u*Au : 
a !-)■ u*au. Then a simple computation shows that auw = uw (vr o i)(a) for all a £ A, 
where uw £ Mi^„fc(IyiM)g and uw 7 ^ 0 , vr o t : A — qM.nk{B)q is a unital normal 
♦-homomorphism and the unital inclusion (vr o i)(A) C qNlnk{B)q is with expectation. 
Therefore, we obtain A :<m B. 

We are also going to use the following useful technical lemma. This is a generalization of |Va07[ 
Remark 3.8]. 

Lemma 2.6. Keep the notation of Theorem |^..^| . Let B d P d IpMlp be any intermediate 
von Neumann subalgebra with expectation. Assume that A Pm P and A -^m B. 

Then there exist k >1, a projection q £ Mfc(P), a nonzero partial isometry w £ Mi^fc(I^M)g 
and a unital normal *-homomorphism vr : A —>■ qKlk{P)q such that the unital inclusion tt{A) d 
qM.k{P)q is with expectation, 7 r(A) 7 ^Mi.(P) Mfc(-S) and aw = WTT{a) for all a £ A. 
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Proof. Since A Pm P, there exist k > 1, a projection q £ Mfc(P), a nonzero partial isometry 
w £ and a unital normal *-homomorphism tt : A ^ qM.k{P)q such that the 

unital inclusion 'k{A) C gMfc(P )(7 is with expectation and aw = WTr{a) for all a ^ A. We have 
w*w £ ^{Ay n q'M.k{M)q. Following [VaDTl Remark 3.8], denote by go the support projection 
(belonging to gMfc(P)g) of the element PqMk{P)qi'’^*'^) observe that go £ 7 r(^)'ngMfc(P)g. 
Observe that PqMk{P)qii'l ~ Qo)'>P*w{q — go)) = 0, and hence w{q — go) = 0, that is, w = 
wqo- Thanks to Proposition 12.21 replacing g and vr with go and 7 r(-)go, respectively, we may 
assume without loss of generality that g is equal to the support projection of the element 
PqM^,iP)qiw*w)- 

We claim that we have tt{A) y^Mk{P) Mfc(P). Indeed, otherwise there exist n > 1, a projec¬ 
tion r £ M„(Mfc(P)), a nonzero partial isometry u £ Mi^„(gMfc(P))r and a unital normal 
^-homomorphism 9 : 'n{A) rMji(]V[fc(P))r such that the unital inclusion [9 o '7r){A) C 
rM„(Mfc(P))r is with expectation and bu = u9[b) for all b £ 'k{A). We moreover have 
awu = wu {9 o 7 r)(a) for all a € A. Observe that wu 7 ^ 0. Indeed, otherwise we have wu = 0 
and hence 

pMk{P)i'^*'^)'^ = Pm„{m^,{p)){w*wu) = 0 . 

Since g is equal to the support projection of the element PqMk{P)qi'‘^*'^) since u £ 
Mi^„(gMfc(P))r, this implies that qu = 0 and hence tt = 0, a contradiction. Therefore, 
we have wu 7 ^ 0 and hence A Pm B, a contradiction. Consequently, we obtain 'n{A) 

Mfc(P). □ 

We point out that when P C IpMlp is a semifinite von Neumann subalgebra endowed with a 
faithful normal semihnite trace Tr, we may choose the nonzero projection g £ Mfc(P) appearing 
in Lemma 12.61 to be of hnite trace with respect to the faithful normal trace Tr ( 8 > tr^. 

Amalgamated free product von Neumann algebras. Let I be any nonempty set and 
{B C any family of inclusions of cr-finite von Neumann algebras with faithful normal 

conditional expectations Ej : Mj ^ B. The amalgamated free product (M, E) = Ej) 

is the unique pair of von Neumann algebra M generated by {Mi)i^i and faithful normal con¬ 
ditional expectation E : M ^ P such that is freely independent with respect to E: 

E(xi • • • Xn) = 0 whenever Xj £ M° , R,... , £ I and ii 7 ^ • • • 7 ^ in- 

Here and in what follows, we denote by M° := ker(Ej). We call the resulting M the amal¬ 
gamated free product von Neumann algebra of {Mi,Ei)i^i over B. We refer to the product 
xi - ■ ■ Xn where Xj £ M °., ii,... ,in ^ I and ii 7 ^ • • • 7 ^ in as a reduced word in My ■ ■ ■ My of 
length n > 1. The linear span of B and of all the reduced words in My ■ ■ ■ M°^ where n > 1, 
ii,..., in £ L and h ^ in forms a unital fj-strongly dense *-subalgebra of M. 

When B = Cl, Ej = for all i £ / and E = </?(•)!) we will simply write {M,(p) = 

*i^i{Mi,ipi) and call the resulting M the free product von Neumann algebra of {Mi,ipi)i^i. 

When P is a semihnite von Neumann algebra with faithful normal semihnite trace Tr and the 
weight Tr o Ej is tracial on Mj for every i £ I, the weight Tr o E is tracial on M (see [P^ 
Proposition 3.1] for the hnite case and [lJe98a[ Theorem 2.6] for the general case). In particular, 
M is a semihnite von Neumann algebra. In that case, we will refer to (M, E) = *p^jg/(Mj, Ej) 
as a semifinite amalgamated free product. 

Let £ P* be any faithful state. Then for all i £ R, we have = *jg/cjf°^* (see |Ue98a[ 
Theorem 2.6]). By |Ta03l Theorem IX.4.2], for every i ^ I, there exists a unique (p oP- 
preserving conditional expectation E^i : M —>■ Mj. Moreover, we have pMiixi ■ ■ ■ Xn) = 0 for 
all the reduced words xi - ■ ■ Xn that contain at least one letter from M° for some j (z I \ {i} (see 
e.g. [IJelOi Lemma 2.1]). We will denote by M Q Mi := ker(EMi)- Eor more on (amalgamated) 
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free product von Neumann algebras, we refer the reader to |BHR12[ iPoQDl rne98a[ lUelOl IUel2[ 

rvo^lypN^ . 

The next lemma is a variant of |HU15l Lemma 2.6]. 

Lemma 2.7. For each i G {1,2}, let B C Mj be any inclusion of a-finite von Neumann 
algebras with faithful normal conditional expectation Ej : Mi B. Denote by (M, E) = 
(Ml, El) *B ( 11 ^ 2 ) E 2 ) the corresponding amalgamated free product. 

Let xf G M* be any faithful state such that = 'i/’oEjvfi- Let be any net in Ball((Mi)’^) 

such that \mij'Eji{h*Uja) = 0 a-strongly for all a,b G Mi. Then for all x,y G M, we have 
\\mjFM 2 {y*'^jx) = 0 a-strongly. 


Proof. We first prove the u-strong convergence when x,y G Mi U MiMf ■ ■ ■ M^Mi are words 
of the form x = ax'c or x = a and y = by'd or y = b with a, b,c,d G Mi and x', y' G M^ ■ ■ ■ M^. 
By free independence, for all j G J, we have 


EM 2 {y*Ujx) 


Em 2 {d*y'* El (6*ttjo) x'c) 
EM 2 {d*y'*)Ei{b*Uja) 

El {b*Uja)EM2 {x'c) 

Ei{b*Uja) 


{x = ax'c, y = by'd), 
{x = a, y = by'd), 

(x = ax'c, y = b), 

{x = a,y = b). 


Since limj Ei{b*Uja) = 0 u-strongly, we have limj EM 2 {y*Ujx) = 0 u-strongly. 

We combine now the same pattern of approximation as in the proof of [HU151 Lemma 2.6] 
with a trick using standard forms as in the proof of [HU151 Theorem 3.1]. Namely, we will 
work with the standard form (M, L^(M), and denote by eM2 the Jones projection 

determined by Em2- Choose a faithful state (f G M* with ip = ip oE. Denote by G 

the unique representing vectors of respectively. Observe that p = p o Em 2 and hence 
CM2xfifi = EM2{x)f,ip holds for every x G M (though we do not have eM2xf,ii, = EM2{x)f,ip)- The 
rest of the proof is divided into three steps. 

(Eirst step) We first prove that lim^ \\eM 2 y*'>J‘jf,\\h'^{M) ~ ^ for any ^ G L^(M) and any word 
y G Ml U Ml M 2 • • • M 2 Ml. Indeed, we may choose a sequence (xfc)^, where each Xk is a finite 
linear combination of words in Mi U MiM| • • • M^Mi, and such that j].^ — 0 as 

/c —>■ 00 , since those linear combinations of words form a cr-strongly dense *-subalgebra of M. 
Then, for all j G J and A; G N, we have 


\\cM2y*Ujf\\i2(^M) ^ \\^M2y*UjXkf,^\\i2i^]^-^ + \\eM2y*Uj{f, - a^fc?(/j)|lL2(M) 

^ I|Em 2 ( 2 / 'C‘jXk)f,(p^lp{^M) T II2/II00IIC “ Xkf,(p^iP(^M)‘ 

The first part of the proof implies that limsupj |leM 2 y*^^j?llL 2 (M) — l|y||oo||? — 
all A: G N and hence lim^ \\eM 2 y*'C‘ji\\\?{M) — 0- 

(Second step) We next prove that limj \\eM 2 y*'C‘jxf,ip\\iP!^M) ~ analytic element x G 

M with respect to the modular automorphism group and any element y G M. Indeed, 
we may choose a sequence {yk)kj where each y^ is a finite linear combination of words in 
Ml U M 1 M 2 • • • M 2 Ml, and such that limfc_^oo ~ 0. Then, for all j G J and 

A: G N, we have 


< 


< 


eM2yfe^^ia;Cv>llL2(M) + l|eM2(y* - yfc)%a:^V’llL2(M) 

eM 2 2 /fc^^ia;^V’llL 2 (M) + IK?/* “ 2 /D«ia;^bllL 2 (M) 

eM2y*kUjX^^\y(^M) + \\J^(xf^2{^)*u*J^{y*C,p - yfcCv')llL 2 (Af) 
CM2yk'^jX^'4!\\lp(^M) T “ yk^i’\\lF{M)^ 
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since Uj G The first step implies that limsup^ \\eM 2 y*'Ujxi'tp\\i?{M) — 

yUi>\\i?{M) all A; G N and hence lim^ \\eM2y*Ujxiij\\i2(^M) = 0- 

(Final step) We finally prove that limj \\¥jM 2 {y*Ujx)£^^p\\i 2 ^^-,^ = 0 for any elements x,y G M. 
Indeed, we may choose a sequence {xk)k in ^ of analytic elements with respect to the modular 
automorphism group such that limfc_^oo “ ^kC‘tp\\L'^(M) ~ 0- Then, for all j G J and 
A: G N, we have 

\\^M2{y*UjX)(^\\l^2(^j^^ = ||eM2y*'Wja;^¥’llL2(M) 

— \\^M2y '^j^kC'tpWh^lM) T ll®Af22/ Uj[x^ip Xk^ip')\\i^2f^j^'^ 

— II^M'22/ llL^(Af) T lli/lloo • 

The second step implies that limsup^ ||EAf 2 (?/*njx)^,^||L 2 (^) < HylloolkC^^ - 3:fc?i/.|lL2(M) 

A: G N and hence lim^ \\EM 2 {y*Ujx)^^\\i^ 2 (^j^^ = 0. Hence we are done. □ 

The next lemma will be used in the proof of the Main Theorem. This can be regarded as a 
variant of |Po831 Corollary 4.3], [Ge95[ Lemma 5.1] (in the tracial case), |Ue98b[ Proposition 
6] (in the non-tracial case) and also part of [IPP051 Theorem 1.1] (in the tracial amalgamated 
free product case). 

Lemma 2.8. For each i G {1,2}, let be any a-finite von Neumann algebra endowed 

with any faithful normal state. Denote by {M,ip) = (Mi,</Ji) * (M 2 ,(/? 2 ) the corresponding free 
product. 

Let 1 q G M be any nonzero projection and Q C IqMiIq be any dijfuse von Neumann subalgebra 
with expectation. Let n > 1. If a partial isometry v G Mi^„(M) with vv* G Q or vv* G 
Q' n IqMIq satisfies that v*Qv C M„(M 2 ), then Iqv = 0. In particular, when vv* G Q, we 
have u = 0. 

Proof. When vv* G Q, replacing Q with vv*Qvv* we may and will assume that vv* = 1q. 
Hence, since vv* = 1q G Q or vv* G Q' H IqMIq, we may think of the map Q M„(M 2 ) : 
X I—>■ v*xv as a normal (non-unital) ^-homomorphism. 

Since Q C IqMiIq is with expectation, we may choose a faithful state if G M* such that 
= iAoEmi, 1q G (Mi)^, Q C IqMIq is globally invariant under the modular automorphism 
group and C 1 q(Mi)'^1q is diffuse where xjjQ := See e.g. the proof of 

|H1J15[ Lemma 2.1]. 

Write V = [ui • • • Vn] G Mi^„(M) and denote by tr„ the canonical normalized trace on 1V[„(C). 
Since is diffuse, we can choose a sequence of unitaries {uk)k inU{Q^^) with limfc_j.oo Uk = 0 
cr-weakly. By Lemma 12.71 we have 

n 

= \\^M2iViUkVj)\\l = 0 . 

*J = 1 

Ukv\\(pi^trn — l|EM„(Af2)('*^ '^kV)\\ip^trn 0 
as A; —>■ oo, implying that 1q u = 0. □ 

We point out that the above way of proof is applicable even to amalgamated free products 
over non-trivial subalgebras under suitable assumptions. Similarly, the same can be said about 
[H1J15[ Proposition 2.7]. 


Since v*UkV G U{v*Qv) C M„(M2), we have 
= \\v*UkVV*lQv\\^(^tv„ = 
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Ultraproduct von Neumann algebras. Let M be any fj-finite von Neumann algebra and 
u) G /3(N) \ N any nonprincipal ultrafilter. Define 

Z^{M) = {(xn)n G M) : Xn ^ 0 * -strongly as n ^ cj} 

= {{Xn)n G £°°(N,M) : (x„)„2^(M) C I^(M) and I^(M) {xn)n C X,(M)} . 

The multiplier algebra is a C*-algebra and C is a norm closed two- 

sided ideal. Following |Oc85[ §5.1], we define the ultraproduct von Neumann algebra by 
M'^ := which is indeed known to be a von Neumann algebra. We denote the 

image of {xn)n G M^{M) by {xnY G . 

For every x G M, the constant sequence {x)n lies in the multiplier algebra Al^(M). We will then 
identify M with (M -|-X^(M))/Z'^(M) and regard M C as a von Neumann subalgebra. The 
map —)• M : {xn)‘^ > cr-weak lim„_j.(j is a faithful normal conditional expectation. 

For every faithful state (/J G M*, the formula := ip o defines a faithful normal state on 
. Observe that ip‘^{{xn)‘^) = p){xn) for all {xn)^ G . 

Following |Co74[ §2], we define 

McoiM) := I {Xn)n G £°°(N,M) : lim \\xnP> - p)Xn\\ = 0, Vy? G M*| . 

L n—>-aj ) 

We have I^{M) C Muj{M) C The asymptotic centralizer is defined by := 

M.u){M)/zS{M). We have C M'^. Moreover, by [Co74[ Proposition 2.8] (see also [AH121 
Proposition 4.35]), we have = M' n for every faithful state y? G M*. 

Let Q C M be any von Neumann subalgebra with faithful normal conditional expectation 
Eg : M —>• Q. Choose a faithful state ip G M* in such a way that ip = ip o Eg. We have 
^°°(N,Q) C ^°°(N,M), Z^{Q) C Z^{M) and M^{Q) C We will then identify 

{Q)/Zi^{Q) with (A4^((5) + Z^{M))/Zi^{M) and be able to regard Q‘^ C M‘^ as a 
von Neumann subalgebra. Observe that the norm jj • ||((,o|q)“ on Q‘^ is the restriction of the 
norm jj ■ to . Observe moreover that (Eg(xn))n G Z^{Q) for all {xn)n G Z^{M) and 
(Eg(x„))ri G A4‘^(Q) for all (xn)n G A4‘^(M). Therefore, the mapping Eg^j : —>■ : 

!->• (Eg(x,i))‘^ is a well-defined conditional expectation satisfying pN’ oEgi.^ = pN. Hence, 
Egi.j : —)• is a faithful normal conditional expectation. For more on ultraproduct von 

Neumann algebras, we refer the reader to |AH12[ [Oc85] . 

We give a useful result showing how Popa’s intertwining techniques behave with respect to 
taking ultraproduct von Neumann algebras. 

Proposition 2.9. Let M be any a-finite von Neumann algebra, 1 a and 1 b any nonzero projec¬ 
tions in M, A C IaMIa and B C l^Ml^ any von Neumann subalgebras with faithful normal 
conditional expectations Ea : IaMIa ^ and Eb '■ IbMIb -a- B respectively. Assume 
moreover that A is a finite von Neumann algebra. 

Let uj G /3(N) \ N 6e any nonprincipal ultrafilter. Define A^ C = 1aM‘^1a and 

B^ C {IbMIbY = IbM^Ib. If A^ B^, then A B. 

Proof. The proof uses an idea of Lemma 9.5]. Choose a faithful state p G M* in such a 

way that 1b G and pB o E^ = pB with pB '■= Assume that A^^ B^. By 

Theorem 12.41 there exist <5 > 0 and a finite subset IF C IaNI^^Ib such that 

(2.1) ^ \\EB^{h*ua)\\l^ >6 ,yue U{A^). 

a.,h^T 

For each a ^ F, write a = (on)'^ with a fixed sequence (a„)n G IaM.^^{M)1b. 

We next claim that there exists n G N such that 

(2.2) ^ \\EB^{bluan)\\l^ >5,Vue U{A^). 

a.,b^T 
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Assume by contradiction that this is not the case. Then for every n € N, there exists G 
U{A^) such that 

||EB^(6>„a„)||2. <5. 

Since A is a hnite von Neumann algebra, we may write Un = with a sequence G 

A) such that G W(A) for all m G N. Then we have 

hm ||Es(6>Wa„)||2 <5 

m—^Lj ^ ^ 

a^bGJ^ 


for all n G N. Thus, we may choose G N large enough so that Vn := 

^ \\EB{b*^Vnan)\\l < 6. 


Uml G U (A) satisfies 


Since A is finite, we may define v := {vn)^ G hl{A^) and we obtain 
(2.3) ^ ||EBu,(6*m)||2^ = lim ^ ||EB(fe>nO„)||^ < 5. 

a^b^T a^b^T 

Equations and (12.31) give a contradiction. This shows that Equation (|2.2p holds. Therefore, 
up to replacing the hnite subset T C 1aM‘^1b with {a^ : a G T} C IaMIb, we may assume 
that J- C IaMIb in Equation (12.11) . In particular, we obtain 

\\EB{b*ua)\\l>d,'iu€U{A). 

a,b(^T 

This hnally implies that A B. □ 


3. A CHARACTERIZATION OF VON NEUMANN ALGEBRAS WITH PROPERTY GAMMA 

In this section, we generalize Popa’s characterization of property Gamma for tracial von Neu¬ 
mann algebras (see [0zn31 Proposition 7] with Aq = Ai) to arbitrary von Neumann algebras. 
This generalization is an unpublished result due to Houdayer-Raum, which they obtained 
through their recent work |HR14] . 

Theorem 3.1. Let M be any diffuse von Neumann algebra with separable predual and u G 
/3(N) \ N any nonprincipal ultrafilter. The following conditions are equivalent. 

(i) The central sequence algebra M' n is diffuse. 

(ii) The asymptotic centralizer is diffuse. 

(iii) There exists a faithful state G M* such that M' n is diffuse. 

(iv) There exists a decreasing sequence {An)n of diffuse abelian von Neumann subalgebras 
of M with expectation such that M = VneN((^«)^ 

Proof. Let Zk G Z{M) be a sequence of central projections such that = 1) Mzq has a 

diffuse center and is a diffuse factor for all A: > 1. The equivalences (i) <(=)> (ii) <(=)> (iii) 

(iv) are all obvious for Mzq, since all conditions actually hold true. Indeed, in order to obtain 
(iv), observe that it suffices to take A„ = Z{Mzq) for every n G N. It remains to prove the 
equivalences for each Mzk with A: > 1. Therefore, in order to prove the result and without loss 
of generality, we may assume that M is a diffuse factor. 

(i) ^ (ii) (c.f. |HR14l Corollary 2.6].) Fix a faithful state (p G M*. By |Co74[ Proposition 

2 . 8 ] (see also [AH121 Proposition 4.35]), we have = M' n Then is diffuse by 

|HR14[ Theorem 2.3] (see also |Co74[ Corollary 3.8]). 

(ii) =)> (iii) Fix a faithful state (p G M*. Since M' n is diffuse, we may choose 

a projection e G such that p‘^{e) = 2“^. Since M is diffuse, we may write e = (e„)^ 
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with a sequence of projections {en)n € such that (^(e„) = 2“^ for all n G N (see 

|HR14[ Proposition 2.2]). Observe that u-weak lim^^tj e„ = 2“^!^, since M is a factor. Fix a 
countable || • ||^-dense subset Y = {y„ : n € N} C M. 

Since e G = M' D , there exists n G N large enough so that the projection po := 

Cn G M satisfies p{po) = 2“\ jjyoPo - PoVoWif < 2“^ and jj^jpo - Po^W < 2"^ Next, epo G 
{M'r\M‘^)pQ C {poMpq)‘^ is a projection satisfying ip‘'^{epo) = lim„^^ ip{enPo) = 2“^ because of 
cr-weak lim„_j.tj = 2“^ 1 m- Since poMpo is diffuse, we may write epo = {vnY with a sequence 
of projections {rn)n £ ■M.'^iPoMpo) such that p{rn) = 2“^ for all n G N. Likewise, we may 
write epQ = {sn)^ for a sequence of projections {sn)n S such that p{sn) = 2 “^ 

for all n G N. Observe that e = epo + ep^ = (r„ + 5 ^)^^ G M' 0 Then there exists 

n G N large enough so that pi := satisfies p{pi) = 2“^, poPi = PiPo-, <p(PoPi) = 2“^, 

WVjPi -PiPill < 2 “^ for all 0 < j < 1 and \\ppi - pppW < 2 “^. 

Repeating the above procedure, we construct by induction a sequence of projections {pn)n in 
M satisfying the following properties: 


(PI) ip{pn) = 2 ^ for all n G N. 

(P2) pjPn = PnPj for all j, n G N. 

(P3) (p(pq ■ ■ ■ Pir) = 2“^ for all r > 1 and all r-tuples (ii,..., i^) of pairwise distinct integers. 
(P4) WvjPn -PnVjW^f < for all 0 < j < re. 

(P5) Wppn — PnPW < for all re G N. 


It follows that {pn)n £ and p := {pnY ^ (M‘^)‘^“ satisfies p‘^{p) = 2 

For each pair 0 < m < re, put prn,n '■= ■■■p’n ^p’m ■■■p’n ^ and observe 

that (fimn is a faithful normal state. For any pair 0 < m < n, using the triangle inequality with 
(P2) and (P5), we have 


,,n ¥^m,n+l|| ^ 


< 2 -p„+i(^|| < 2 


<p- pi7lppi7l 

ln + lG{l,±} 

This implies that for each m G N, the sequence {pm,n)n is Cauchy and hence convergent in 
A'U. Put = lim„_>.oo Prn,n & and observe that is a normal state. We moreover have 

||(^ ^m|| ^ llv^ y^m,n|| T ||¥^m,n ^m|| 

<2\\ipp 

m -PmP\\ + E 
n>m 


< 2 “"* + ^ 


n>m 


This implies that lim^-^-oo Observe that Pn = Pn for all 0 < m < re. 


We next claim that is a faithful normal state for all m G N. Indeed, fix m G N and let 
X G M+ such that ^m{x) = 0. We prove by induction over n > m that $n(a^) = 0. By 
assumption, we have ^rn{x) = 0. Assume that ‘I>„(x) = 0 for some n > m. Observe that 
0 = $n(3:) = ^n+i{PnXPn YPn^Pn)' Denote by 5 G M the support of the normal state 
We have qpnXPnQ = 0 = qp^xp^Q- This implies that x^/'^pnq = 0 = x^^'^p^q and hence 
x^/'^q = 0, that is, qxq = 0. Thus, <I'n+i(x) = 0. Therefore, we have 4'n(3:) = 0 for all re > m 
and hence p{x) = lim„_>.oo (x) = 0. Since p is faithful, we obtain x = 0. This shows that 
£ Af* is faithful for every m G N. 

Letting i/’ := * 1 * 0 , we have pn G for all re G N and hence p = {pn)‘^ € M' D . Since 

P^{p) = 2“^, we have p 7 ^ 0,1. This implies that M' n (M'^)'^ is diffuse. Indeed, proceeding as 
in the proof of |Co74[ Corollary 3.8], let / G M' be any projection such that '0‘^(/) = A 

with A 7 ^ 0,1. Write / = {fnY where fn G M'^ is a projection for every re G N. Observe that 
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since M is a factor, we have cr- weak /„ = AIm- We can construct by induction an 

increasing sequence of integers G N satisfying the following properties: 

(PI) - AV'(/n)| < {n + 1)"^ for all n € N. 

(P2) Wfnfkr, - fknfnU < (n + 1)“^ for all n G N. 

(P3) Wvjfkr, - fk„yjU <in + 1)"^ for all 0 <j<n. 

It follows that r := {fnfkn)‘^ G hi (M^)^ is a projection satisfying r < f and ^’{r) = A^. 
This shows that / G M' n is not a minimal projection and hence M' H is diffuse. 

(iii) => (iv) The proof of this implication is entirely analogous to the one of [OzOdl Proposition 7] 
with A/q = M. but we give the details for the sake of completeness. Fix a countable || ■ ||i/,-dense 
subset Y = {un : n G N} C M. Since M' n is diffuse (note that is also diffuse), 

the proof of (ii) ^ (iii) shows that we can construct by induction a sequence of projections 
Pn G M'^ satisfying the following properties: 


(PI) '4>{Pn) = 2 ^ for all n G N. 

(P2) pjpn = PnPj for all j, n G N. 

(P3) i/^(pq • • -Pir) = 2“'' for all r > 1 and all r-tuples (ii,..., v) of pairwise distinct integers. 
(P4) Wpjpn - PnVjWij ^ for all 0 < j < n. 

For each A: G N, dehne Dk := Cpk®Cp-^. For each pair 0 < m < n, define Am,n ■= \jm<k<n 
and Am ■= \/m<k^k = \lm<n^ri- Observe that Am,n,Am C M'^ for all 0 < m < re. We also 
have that {Am)m is a decreasing sequence of diffuse abelian von Neumann subalgebras of 
by (P2) and (P3). Fix j G N and let re > rre > j. Whenever C C M is a von Neumann 
subalgebra globally invariant under the modular automorphism group , denote by : M —>■ 
C the unique i/’-preserving conditional expectation. We have Am,n+i = Am,n V Dn+l C M’^', 

° (see e.g. [ESHIl Lemma 1.2.2]) and 


E' 


fA^,„+i)'nM(yi) ^fA^,„)'nM(%) 


^(A^,n)'nAf (P(D„+i)'nM(yi) yj 


< 


E 


fz)„+i)'nAf(yi) yj 


< 2 \\pn+iVj - yjPn+i\U < 2 

By |Po81i Lemma 1.2 1°], we have jjyj= lim^^oo lll/jand 
hence 


Vj - E' 


i) 

{AmynM'^yj 


(yj 


= lim 


yj ^{Am,nYnM(yj')\\^ 


< 




^ VjPmW'ip H“ 


n>m 


n>m 


(A^,„+i)'nM(yi) ^iAm,nynM(yi) 


It follows that lim^ ||yj — E^^ )'nM(^i)IIV’ ~ ^ ^ Since E C M is || • ||. 0 -dense, this 

implies that liiUm \\y - E^^^),|-|^(y)||v) = 0 for all y G M and hence M = VneN(("4n)' 0 M). 

(iv) (i) Eor every re G N, choose a projection pn G An C Aq such that ip{pn) = 2“^. Then 
P ■= (Pn)^ G M' n and p‘^(p) = 2“^. Therefore, M' n ^ Cl and hence M' D M'^ is 
diffuse since M is a factor (see e.g. |HR14l Corollary 2.6], or the final part of the proof of (ii) 
^ (iii)). □ 




































RIGIDITY OF FREE PRODUCT VON NEUMANN ALGEBRAS 


15 


4. Structure of AFP von Neumann algebras over arbitrary index sets 

In this section, we prove key results regarding the position of finite von Neumann subalgebras 
with expectation and with either nonamenable relative commutant (see Theorem 14.4p or non- 
amenable normalizer (see Theorem USD inside arbitrary free product von Neumann algebras 
over arbitrary index sets. 


Semifinite AFP von Neumann algebras over arbitrary index sets. We will be using 
the following notation throughout this section. 

Notation 4.1. Let I be any nonempty set and {B C any family of inclusions of 

semifinite fj-finite von Neumann algebras with faithful normal conditional expectations Ej : 
A4i —>■ B, where B has a faithful normal semifinite trace Tr such that Tr o Ej is tracial on At* 
for every i € /. Assume moreover that B is amenable. Denote by (A4,E) = the 

corresponding semifinite amalgamated free product. Eor every nonempty subset Q C I, put 
(A4g,Eg) = By convention, put := B. In this context, any trace means 

(an amplification Tr„ := Tr ( 8 ) tr„ of) the trace Tr := Tr o E or Tr o Eg. 


The next proposition will be used to reduce the problem of locating subalgebras inside arbitrary 
semifinite amalgamated free product von Neumann algebras over arbitrary index sets to finite 
index sets. 

Proposition 4.2. Keep Notation \4-l\ Let p ^ Ai he any nonzero finite trace projection and 
Q C pAip any von Neumann subalgebra. Assume that for any nonzero projection z G Q' HpAip 
and any nonempty finite subset A C I, we have Qz . Then Q is amenable. 


Proof. The proof uses an idea due to loana. By contradiction, assume that Q is not amenable. 
Up to cutting down by a nonzero central projection in Z{Q) if necessary, we may assume 
without loss of generality that Q has no amenable direct summand and that for any nonzero 
projection z € Q' H pAip and any nonempty finite subset A C I, we have Qz Pm Ai j^c. 
By assumption and using [HI151 Lemma 4.11], for every nonempty finite subset Adi, there 
exist njr > 1, a finite trace projection qj: G (A4), a nonzero partial isometry wj: G 

Mi,njr(pA4)gjr and a unital normal *-homomorphism ttj- : Q —>■ such that 

awjr = wjrTTj^{a) for all a G Q and = p = 1q. Observe that wj^wj^* G Q' dpAip 

and wjr*wjr G vrj-(Q)' 0 qj-M„,^(A4)qj-. Since 7rj-(Q) has no amenable direct summand and 
B is amenable, we have 7rj-(Q) ^{M) ^nj,{B) and hence |BHR12l Theorem 2.5] shows 

wjr*wjr G gj-M„^(A4jrc)gj- for all A. Thus, we may assume that qjr = wjr*wjr g M„,^(A4j-c) 
for all A. It follows that wjr*Qwjr C gj-M„^(A4jrc)gj- for all A. 

Put Ai := A4*isA4, where we regard the left-hand copy of Ai as the original A4, and denote by 
0 G Aut(A4) the free flip (trace preserving) automorphism. Likewise, for every A, put Aij- := 
A4jr Aij- and denote by g Aut(A4j-) the free flip (trace preserving) automorphism. 
Regard 0j- G Aut(7V4) by letting 07 - 1 ^^^ = where Aij^c := Adj^c *b Adj^c. We have 

limj-0j- = 0 in Aut(A4). 0bserve that since wj^*Qwjr c gj-M„,^(A4jrc)g_;r, we have (id„^ (8> 
= wjr*awjr for all a € Q. Letting := (id,i^ (g) 0j-)(u;j-)tt>j-*, for all a G Q, we 
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have 

= ®T(a) (idnjr <8) &j^){wjr)wjr* 

= (idnj. 0 Qjr){awjr)wjr* 

= (idnjr <8) Qjr){wjrwjr*awjr)wjr* 

= (idnj. (8) 0jr)(u;jr) (id„^ (g) &jr){wjr*awjr) wr* 

= (idnj. (g) Qt){wt) Wjr*awjrwjr* 

= {idnj: 0 Qt){wt)wt* a 
= 

Endow Ti. := L^(Ad) with the Ad-^Vl-bimodule structure given hy x ■ t] ■ y ■.= Q{x)r]y for all 
x,y ^ M. and all rj G L^(A4). By construction and using |Ue98al Section 2], there exists a 
B-B-bimodule L such that we have the following isomorphism 

as Ad-A^-bimodules. (Indeed, for any amalgamated free product (M, E) = {Mi, Ei)*b{M 2 , E 2 ) 
we have L^(M) = L^(M2)(g)B/C(g)BL^(Mi) as M2-Mi-bimodule with K, := L^(B)©(L^(M{’)(g)B 
L^(M|)) © • • • © {L‘^{Mi) ©b • • • ©B L^(-^ 2)) ©••••) Since B is amenable, [AD931 Lemma 
1.7] shows that the AI-Ad-bimodule Ji is weakly contained in the coarse Al-Ad-bimodule 
L^(Ad) © L^(Ad). This implies (see the proof of |CH08[ Proposition 3.1]) that the pM.p-pM.p- 
bimodule p-Ti-p is weakly contained in the coarse pAdp-pAdp-bimodule L‘^{pMp) ©L^(pA4p). 

Regard G H and put pr '■= P ' ' V ^ P ' ■ P- First, we have 

WPT-^Th = l|0(p)^.F(since pjr = 0(p)^j-) 

< l|(0(p) - 0 j-(p))Cj- 1|2 (since &t{p)^t = irP = ir) 

< l|0(p) - 0j-(p)||2 ||?jr||oo 

< || 0 (p) - 0j-(p)||2 0 as A00. 

Then we have 

IIC.e|| 1 = Tr(u;jr (id„^ © Qj:){wF*wr) wjr*) 

= Tr„^((idn;p © QB){wjr*WB) Wjr*Wjr) 

= Trnjriwjr*wjr) (since wjr*wr G M„^(Adjrc)) 

= Ti{wjrWB*) Tr(p) as A —> 00. 

Since limj- — ^^-112 = 0, this implies that linij- ||?7 j :-]|2 = \\p\\ 2 - For all x G pMp and all E, 
we have 

\\x ■ p^h = ||0(x)r7j-||2 < ||0(x)||2 l|l?J-||oo < lk||2- 
For every a G Q, we have 

ll« ■ ■ a||2 = ||0(a) 

< II(0(a) - 0j-(a))^j-||2 (since 0j-(a)^jr = ^j-o) 

< ||0(a) - 0j-(a)||2 II^jfIIoo 

< ||0(a) - 0j-(a)||2, 

and hence limj- ||a ■ ' a||2 = 0. Since limj- Wvr “ = 0, this implies that limj- ||a • 

pjr — pjr ■ a||2 = 0 for all a G Q. By Connes’s characterization of amenability [Co75j applied to 
the finite von Neumann algebra Q and the net {pj^)t va. p ■'H ■ p (see also [Iol2[ Lemma 2.3]), 
it follows that Q has an amenable direct summand, a contradiction. □ 
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Relative commutants inside AFP von Nenmann algebras. We begin by studying rela¬ 
tive commutants inside semifinite amalgamated free product von Neumann algebras. 

Theorem 4.3. Keep Notation \4-l\ Let p M be any nonzero finite trace projection and 
Q C pM.p any von Neumann subalgebra with no amenable direct summand and such that 
Q! r\pM.p -^M Then there exists i & I such that Q M.i. 

Proof. Since Q' H pMp we have (Q' D pMp)‘^ by Proposition 12.91 Since 

(Q' r\pM.p)‘^ C Q' n {pMpY^ we also have Q' fl (pMp)^ For each nonempty finite 

subset F d I, regard M. = A4jr*^j[4jrc. By [HU15[ Corollary 4.2], for every nonzero projection 
z ^ Q! n pA4p, we have Qz M.t or Qz -fijvi Since Q has no amenable direct 

summand, there exists a nonzero projection z € Q'llpAdp and a nonempty finite subset F such 
that Qz Pm by Proposition l4.2[ Therefore, we have Q -<m -M-T- Put V := Q\/{Q'r\pMp). 
Since Q -^m B^ we also have that V -<m by |BHR12l Proposition 2.7]. 

Then there exist n > 1, a finite trace projection q € M„(A4j-), a nonzero partial isometry 
w G Mi^„(pA4)g and a unital normal ^-homomorphism vr : P —)■ gM„(A4j-)g such that aw = 
WTT{a) for all a G V. Observe that ww* G V CipMp = Z{V) and w*w G 7r(P)' n gM„(A4)g. 
Since V has no amenable direct summand, we have vr(P) ^n{B). This implies 

that w*w G qMn(A4jr)q by [BHR12[ Theorem 2.5] and hence we may assume that q = w*w. 
We obtain w*Vw C gM„(A4jr)q. Observe that w*Qw and w*{Q' (1 pA4p)w are commuting 
unital subalgebras of w*Vw such that w*Qw has no amenable direct summand and w*{Q' O 
pAip)w Klni^B) by Remark 12.51 (2) (recall that Q' DpAip -^m B). Observe that for 

each i G F, w*Qw pMn(MF ^r!.(A4j) leads to Q Pm by Remark 12.51 (2). Therefore, we 
have showed that in order to prove Theorem 14.31 we may assume that the index set I is finite. 

When the index set I is finite, a straightforward induction procedure over k := j/j using a 
combination of the above reasoning with |HU15l Corollary 4.2] proves the result. Indeed, 
assume that the result is true for any set I such that \I\ = k with k > 1. Next, let I be any 
set such that \I\ = k + 1. Simply denote I = {1,... , A: -|- 1}. Regard A4 = *b Nik+i where 
F = {1,..., /c}. The same reasoning as in the first paragraph above shows that Q Pm 
or Q Pm Mk+i- P 2 we are done. If Q Pm -^f-, the same reasoning as 

in the second paragraph above shows that with letting P := Q V {Q' H pAip) there exists 
n > 1, a finite trace projection q G M„(A4j-), a nonzero partial isometry w G Mi^„(pA4)g 
and a unital normal *-homomorphism vr : P —)■ gM„(A4jr)g such that aw = W7r(a) for all 
a G V. We may moreover assume that w*w = q. Then w*Qw and w*{Q' (1 pM.p)w are 
commuting unital subalgebras of w*Vw such that w*Qw has no amenable direct summand 
and w*{Q! dpNip)w Using the induction hypothesis, there exists i G F = 

{!,..., A;} such that w*Qw PmuIMt) Then Q Pm holds by Remark 12.51 (2). 

This finishes the proof of the induction procedure and completes the proof of Theorem 14.31 □ 

We now prove a general result locating finite subalgebras with expectation and with nona- 
menable relative commutant inside arbitrary amalgamated free product von Neumann algebras. 
This result will be used in the proof of the Main Theorem (Cases (i) and (ii)). 

Theorem 4.4. Let I be any nonempty set and (B C Mi)i^i any family of inclusions of a-finite 
von Neumann algebras with faithful normal conditional expectations E* : Mi —)• B. Assume 
moreover that B is amenable. Denote by (M, E) = *B^i£i{Mi,Ei) the corresponding amalga¬ 
mated free product. 

Let 1 a G M be any nonzero projection and A C any finite von Neumann subalgebra 

with expectation. Then at least one of the following conditions holds true: 

• There exists i G I such that A Pm Mi. 

• The von Neumann subalgebra A' fl is amenable. 
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Proof. Put A = A® C(1m — 1^) and denote by : M ^ A a faithful normal conditional 
expectation. Choose a faithful trace € ^4* and put = r^oE^. Observe that 1a S and 
the von Neumann subalgebras A and A' n IaMIa are globally invariant under the modular 
automorphism group of if a '■= • 

Assume that A' n IaMIa is not amenable. Observe that if A B, we are done. Hence we 
may further assume that A -^m B. Choose a nonzero central projection z € Z{A' n IaMIa) 
such that (A' n 1aM1a)z has no amenable direct summand. Observe that z G and the 
von Neumann subalgebras Az and {A' 0 1aM1a)z are globally invariant under the modular 
automorphism group of ipz '■= ■ Then c^^((A' D 1aM1a)z) has no amenable direct 

summand by |BHR12[ Proposition 2.8]. 

Pix a faithful state ip € B^ and put B := c^{B), A4 := CipoE(M) and A4i := c^oEi(Mi) for 
every i £ I. Let q G L^(R) be any nonzero finite trace projection and put p := and 

Q := ((A' 0 lAMlA)z)q). Then Q C pM.p has no amenable direct summand. Since 

A B, we have Az B by |HI15l Remark 4.2 (2)]. By [HU15[ Lemma 2.4] we obtain 
n,^,^(vr^(A 2 :)g) B. Since Il^^.^{'K.^{Az)q) C Q! flpAdp, we conclude that Q! f^pM.p B. 

By Theorem 14.31 there exists z G I such that Q Pm Mii- Since Q B (recall that c^^((A' 0 
1aM1a)z) has no amenable direct summand), we also have Q' O pA4p Mii by |BHR12[ 
Proposition 2.7] and hence n,^_^(7r^(Az)g) Pjv{ M-i- By |HU15[ Lemma 2.4], this implies that 
Az Pm Mi and hence A Pm Mi by |HI15[ Remark 4.2 (2)]. □ 

Normalizers inside AFP von Neumann algebras. We begin by studying normalizers 
inside semifinite amalgamated free product von Neumann algebras. For a technical reason, we 
only deal with amalgamated free products of type IIqo factors. This result will be sufficient for 
our purposes. 

Theorem 4.5. Keep Notation |.<^. j| . Assume moreover that B is a diffuse subalgebra and Mg 
is a type IIqo factor for every nonempty subset Q C I. Let p £ M be any nonzero finite trace 
projection and A C pAip any amenable von Neumann subalgebra such that A B. Put 
Q := AfpMpiA)" and assume that Q has no amenable direct summand. Then there exists i £ I 
such that Q Pj^ Mli. 

Proof. For each nonempty finite subset T C I, regard A4 = Let z G Q' HpMp be 

any nonzero projection. Since A4 is a type IIoo factor and since B C A4 is a diffuse subalgebra 
with trace preserving conditional expectation, there exists u £ U{M.) such that uzu* £ B. Since 
the unital inclusion uAzu* C uQzu* is regular and since uAzu* B by assumption (and 
Remark [23] (2)), we have uQzu* Pm Mljr or uQzu* Pm by Theorem lA.41 (together with 
the comment following it) and |BHR12l Proposition 2.7]. Accordingly, we have Qz Pm Mlj 
or Qz Pm Aire (by Remark 12.51 (211. Since Q has no amenable direct summand, Proposition 
14.21 ensures that there exist a nonzero projection z £ Q' Pt pAip and a nonempty finite subset 
F such that Qz Pm Air- Therefore, we have that Q Pm Air- 

Then there exist re > 1, a finite trace projection q £ MniAir), a nonzero partial isometry 
w £ Mi^n(pAi)q and a unital normal ^-homomorphism vr : Q —)• gM„(A4jr)q such that aw = 
WTi{a) for all a £ Q. Observe that ww* £ Q' HpMp and w*w G 7r(Q)' n qM.n{M)q. Since Q 
has no amenable direct summand, we have 7r(Q) ^n(B). Then [BHR121 Theorem 

2.5] implies that w*w £ qKln{Air)q and hence we may assume that q = w*w. We obtain 
w*Qw C qM.n{A\r)(l- 

Since ww* £ Q'npA4p, it follows that the unital inclusion w*Aw C w*Qw is regular, w*Qw has 
no amenable direct summand, and w*Aw M„(B) (by Remark 12.51 (2) and A -^m B). 

By Remark 12.51 (2), w*Qw pMn(MF M„(A4j) implies that Q Pm Aii for every i £ F. 
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Therefore, since is a type IIoo factor for every nonempty subset Q T and since 

is diffuse, we have showed that in order to prove Theorem 14.31 we may assume that the 
index set I is finite. 

When the index set 1 is finite, a straightforward induction procedure over k := |/| using a 
combination of the above reasoning with the assumptions that Aig is a type IIoo factor for 
every nonempty subset Q Cl I and B is diffuse and with Theorem IA.4I proves the result (see the 
last paragraph of the proof of Theorem USD- □ 

We now prove a result locating certain finite subalgebras with expectation and with nona- 
menable normalizer inside arbitrary free products of cr-finite factors. This result will be used 
in the proof of the Main Theorem (Case (iii)). 

Theorem 4.6. Let I he any nonempty set and {Mi, (pi)i£i any family of a-finite factors endowed 
with any faithful normal states. Denote by (M, (/?) = *i^i{Mi,ipi) the corresponding free product. 

Let 1 a ^ M be any nonzero projection and A C IaM 1a be any amenable finite von Neumann 
subalgebra with expectation such that Ad n l^Ml^ = 2(A). Then at least one of the following 
conditions holds true: 

• There exists i € I such that A Mi. 

• The von Neumann suhalgebra Mij^mia{-^)'' amenable. 

Proof. Denote by Roo the unique type IIIi AFD factor. Put B = CIm (8 ) Roo, M = M 0 Roo 
and E = y? (g) idij^, Mi = Mi (8> Roo and Ei = ipi 2 id/j^ for every i ^ L. We may and will 
naturally regard the pair (M, E) as 

(M,E) = *5^^g,(M„E,). 

Observe that Mj = Mj (8> Roo is a type IIIi factor for every i a I. (This is well-known without 
explicit reference and can be confirmed by computing the (smooth) flow of weights; see |CT76[ 
Corollary 6.8].) For every nonempty subset Q Cl L, Mg is a factor by |UelOl Theorem 4.1], and 
hence Mg = Mg (g) Roo is a type IIIi factor by the same reasoning as above. 

Fix an irreducible type IIi subfactor R C Roo with expectation (whose existence is explained in 
e.g. |Ha85l Example 1.6]). Put A = {A®C{1m — 1a)) '2R and denote by E^ : M —)• A a faithful 
normal conditional expectation. Choose a faithful trace £ A* and put if = t^o E^. We will 
simply denote D := (l^(g)l/j)A(l^(g)lij) and Id ■= 1aC>1r- Observe that D'CMdMId = 2(D), 
the unital inclusion (J\fi^MiA(-^)'' ® C(1m — 1^)) <g> CIr C M is with expectation and also so 
is 

AfiAMiA(^)" ® Clij = 1 _d((A/i^mia(^)^^ ® C( 1 m - 1 a)) ® C 1 r) 1 d C A/)^^j^^^(T))". 

Moreover, we have Id £ M^ and the von Neumann subalgebras D and (D)" are 

globally invariant under the modular automorphism group of i^d '■= 

Observe that we have 

Indeed, let u £ and t £ R. For every a € D, we have 

uaf° (u*) a = u (u*au) crf^ (u)* = u u*au (u)* = a uaf^ (u)* ■ 

This shows that uaf°(u)* £ D' HIdMId = 2(D) and hence we have (tt)A^^ (t)7r.0^ (u)* £ 
TT^^(2(D))X^^(t). Therefore we obtain that c^^(M^^-^^^(D)") C W^^(^^^^^)(c^^(T)))" and 

this inclusion is with trace preserving conditional expectation. 
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Assume that is not amenable. Observe that if A B, we are done. Hence 

we may further assume that A B. Then is not amenable (since it contains 

® Cl/j with expectation) and D B by |HI15[ Lemma 4.6]. Choose a nonzero 
projection 2 : € such that z has no amenable direct summand. 

Observe that 2 ; G , Dz C zM^z and Af^^^{Dz)" = M^^^^^{Dy'z is globally invariant 

under the modular automorphism group of ipz = ■ Then c^^{M^j^^{Dzy') has no 

amenable direct summand by |BHR12[ Proposition 2.8]. 

Fix a faithful state y G (Roo)* and put B := c^(H), A4 := and A4j := 

for every i £ I. Observe that H C A4 is a diffuse subalgebra with trace preserving conditional 
expectation and Aig is a type IIcxd factor for every nonempty subset Q <Z I. Let q G L^(R) 
be any nonzero finite trace projection. Put p := G A4, A := Ily,^y.^^{c^^{Dz)q) and 

Q := Iltp^^^^{qc^^{J\f^^^{Dzy')q). Since Dz C zM^z and L(R) is a MASA in B(L^(R)), we 
have c^^{Dzy O c^^{zMz) = Z{c^^{Dz)) and hence 

<l{K^,{zMz)MDz)y')q = ^fq,^^^zMz)qMDz)qy' 
by Proposition 12.81 Then we have Q = MpMpiA)", Q has no amenable direct summand, and 
A B by [HU15[ Lemma 2.4] since Dz B. By Theorem 14.51 there exists i £ I such that 
A Am Then [HU151 Lemma 2.4] shows that Dz Mi and hence D A]^ M^. Finally, 
[HTT51 Lemma 4.6] guarantees A Am Mi. □ 

We point out that when dealing with tracial free product von Neumann algebras. Theorem 14.61 
holds true for any family [Mi,Ti)i^i of tracial von Neumann algebras and any amenable von 
Neumann subalgebra A C IaMIa- 

Relative property (T) subalgebras inside AFP von Neumann algebras. Recall from 
[P50T1 Definition 4.2.1] that an inclusion of tracial von Neumann algebras A C {N, r) is said to 
have relative property (T) for every net (<hj : N —>■ N)i^i of subtracial subunital completely 
positive maps such that linij ll<hi(x) — xjj 2 = 0 for all x £ N, we have 

lim sup l|4>i(y) - yll 2 = 0 . 

* yeBall(A) 

We begin by locating relative property (T) subalgebras inside semifinite amalgamated free 
product von Neumann algebras. This is a semifinite analogue of [IPPn5[ Theorem 4.3]. 

Theorem 4.7. Keep Notation \4-l\ Let p £ Ai be any nonzero finite trace projection and 
A C pAip any von Neumann subalgebra with relative property (T). Then there exists i £ I 
such that A Am -Ldi- 

Proof. For each nonempty hnite subset A C I, regard Ai = Aijr A\j^<^ and denote by 
E_a 4 ^ : A\ —> Adjr the unique trace preserving conditional expectation. Define the net <h_ 7 r : 
pAip —>■ pAA.p of subtracial subunital unital completely positive maps by <h_ 7 r(x) = pE_A 4 ^(x)p 
for all X G pAip. Observe that limj- j|<h_ 7 r(x) — x ||2 = 0 for all x £ pAip. 

By relative property (T) of the inclusion A C pAip, there exists a nonempty finite subset A <Z I 
such that 

||Ex^(m)112 > WpRMTbAph = II^J-(^^)I|2 > ^Ijplb, Vu G U{A). 

If A y^M Mijz, then by Theorem l2.4[ there exists a net iu.U{A) with limj jjE_A 4 jr(rij)ll 2 = 

0 ; contradicting the above inequality. Hence we obtain A Am Aijz. 

If A Am B, then A Am Mli for any i £ I and we are done. If A yM B, then Theorem 12.41 
and Lemma [2T] altogether enable us to choose n > 1, a finite trace projection q £ Mn(A4j-), 
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a nonzero partial isometry w £ and a unital normal ^-homomorphism vr : ^ > 

qNLn{M.j^)q such that 'k{A) lV[n('S) and aw = W7r(a} for all a ^ A. By [BHR12[ 

Theorem 2.5], we have t^{A)' n qM.n{M.)q = t^{A)' D qM.n{Mr)q. Then we have w*w G 
7 r(^)' n qM.n{Aijr)q and so we may assume that q = w*w and w*Aw = 'k{A) C qM.n{Aijr)q. 

By relative property (T) of the inclusion A C pM.p and |Po01l Proposition 4.7], the unital 
inclusion w*Aw C qM.n{M.)q has relative property (T). Consider 

M„(A4) = (*M„(Z 3 ),iGJ'Mn(-^*)) ^n{Mjrc.). 

Since A ^3, we have w*Aw by Remark 12.51 ( 2 ). Since moreover w*Aw C 

qM.n{M.j^)q, we have w*Aw by Theorem 12.41 with the help of Lemma [T71 

Since the unital inclusion w*Aw C qM.n{M)q moreover has relative property (T), IBHR121 
Theorem 3.3] (whose proof works well for semifinite amalgamated free products of finitely 
many algebras) shows that there exists i € T such that w*Aw ^M„(At) ^n{Aii). By Remark 
12.51 ( 2 ), this implies that A Aii- □ 

We point out that we do not need to assume B to be amenable in Theorem 14.71 We hnally 
deduce the following result that will be used in the proof of the Main Theorem (Case (iv)). 

Theorem 4.8. Let I be any nonempty set and {B C Mi)i^i any family of inclusions of a-finite 
von Neumann algebras with faithful normal conditional expectations Ej : Mi —)■ B. Denote by 
(M, E) = *B,iei{Mi,Bii) the corresponding amalgamated free product. 

Let 1q £ M 6e any nonzero projection and Q C IqMIq any finite von Neumann subalgebra 
with expectation that possesses a von Neumann subalgebra A C Q with relative property (T). 
Then there exists i ^ I such that A :<m Mi. 

Proof. Put Q = Q (B C(1m — 1q) and let Eg : M — >■ Q be a faithful normal conditional 
expectation. Choose a faithful trace Tg £ (Q)* and put ip = TqO Eg. Observe that 1 q £ Mb 
and Q C IgM^lg. 

Eix a faithful state y? £ S* and put B := c^{B), A4 := c^oe(LL) and A4i := c^oEi(LLi) for 
every i & I. Fix a nonzero finite trace projection q £ L. 0 (R) and put p := Il^^^{q) £ A4 and 
A := Il^^^{'ir.^{A)q) C pMp. Since the inclusion A d Q has relative property (T) and since 

(n<^,^(7r^(T)g) C n^,V)(7r^((5)g)) ^ (T C Q) 

and 

A = n<^,^(7r.0(T)g) C n^,^(7r^(Q)g) C pMp, 

the inclusion A C pA4p also has relative property (T). By Theorem I4.7I there exists i ^ I such 
that A :<M Aii, and hence A :<m Mi by [HU15[ Lemma 2.4]. □ 

5. Proof of the Main Theorem 

Assume that M and N are isomorphic and identify M = N. Note however that we cannot 
identify (p with f). 

Fix an arbitrary i £ I. We first prove the following intermediate assertion: 

(<C>) There exist j = a{i) £ J, Uj > 1 and a nonzero partial isometry Vj £ (M) such 

that v*Vj £ M„^(A'j), VjV* £ Mj and v*MiVj C VjVjMnj(Nj)vjVj. Observe that the unital 
inclusion VjV*MiVjV* C VjV*MvjV* is with expectation and hence so is the unital inclusion 
v*MiVj C v*VjM.nj{M)v*Vj. Therefore the unital inclusion v*MiVj C v*VjM.nj{Nj)v*Vj is 
with expectation. When Nj is semifinite, we will be able to choose the partial isometry Vj £ 
(Af) in such a way that v*Vj £ (A^) has finite trace. This is because we are going 
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to use Theorem Ea and show, as a crucial step, that A :<m Nj for a well-chosen finite von 
Neumann subalgebra A C Mi with expectation. 

We will treat cases (i), (ii), (iii), (iv) separately as follows. 

Case (i). Assume that Mi is not prime, and hence we may write Mi = Pi 0 P 2 with diffuse 
factors Pi and P 2 . We may assume without loss of generality that P2 is not amenable. Choose 
a faithful state xi ^ (A)* such that (Pi)^^ is diffuse (see [HSQOl Theorem 11.1]) and a faithful 
state X 2 S {P 2 )*, and put X = Xi ®X 2 - Observe that there exists a diffuse abelian von Neumann 
subalgebra Ai C (Pi)^^, and put A = Ai® Cl. Since P 2 is not amenable and since the unital 
inclusion Cl<XiP 2 C A'nM is with expectation (observe that Cl<XiP 2 C M is with expectation), 
A' DM is not amenable either. By Theorem 14.41 there exists j = a{i) G J such that A Pm ^j- 

There exist nj > 1, a projection qj € M.nj{Nj), a nonzero partial isometry Vj G (M) 

and a unital normal *-homomorphism tt : A ^ Qj'M.n fiNfiqj such that the unital inclusion 
t^{A) C qj^nj{I^j)<lj is with expectation and avj = VjTr{a) for all a (z A. By Proposition 
12.21 Isee Remark 12.51 fill, the unital inclusions AvjVj C VjV*MvjVj and v*Avj = TT{A)v*Vj C 
v*Vj'Mnj{M)v*Vj are with expectation. By [HUISI Proposition 2.7 (2)], we have VjV* G A' n 
M = A' n Mi, v*Vj G Mnj{Nj) and v*{A' n Mi)vj C v*Vj'M.n^{Nj)v*Vj. 

Observe that A'flMj = ((Ai)'nPi)( 8 )P 2 - By the same reasoning as in the proof of [HI15[ Lemma 
4.13] and by Lemma l2.11 there exist nonzero projections pi G (Ai)' n (Pi)^^ and p 2 G (P 2 )^^ 
such that P1P2 P VjV* in A' D Mi. Let u G A' D Mi be a partial isometry such that uu* = piP2 
and u*u < VjVj. We have auvj = uvjir^a) for all a G A and {uvj){uvj)* = uvjVjU* = piP2 
and {uvj)*{uvj) = VjU*uvj G M„^(Aj). So, up to replacing Vj with uvj, we may assume that 

VjV* = P1P2. 

Observe that the unital inclusion P2P2P2P1 C piP2Mpip2 is with expectation and so is the 
unital inclusion v*P2PiVj C v*Vj'M.nj{Nj)vjVj (recall that Vj{A' n Mi)vj C v*Vj'M.n.{Nj)v*Vj). 
Then [HU151 Proposition 2.7 (1)] shows that 

VjPlP 2 Vj = {v*jP 2 PlVj)' n {VjMVj) 

= {VjP2PlVjy n V*VjMnj{M)v*Vj 
= {v*jP2PlVjy n V*VjMn^{Nj)v*Vj 
C V*VjMn^iNj)v*Vj. 

Since v*MiVj = v*Pip2Vj V v*P2PiVj, we obtain v*MiVj C v*VjM.nj{Nj)v*Vj. 

Case (ii). Assume that Mj has property Gamma, that is, the central sequence algebra (Mj)'n 
{AliY is diffuse. By Theorem 13.11 there exists a decreasing sequence (A„)„ of diffuse abelian 
subalgebras of Mj with expectation such that Mi = \/n((^n)^nMj). Since Mj is not amenable, 
there exists n G N such that (A„)'nMj is not amenable. Observe that (A„)'nMj = (A„)'nM 
by |HU15[ Proposition 2.7 (1)]. By Theorem l4.41 there exists j = a{i) G J such that A„ Pm Nj- 

There exist nj > 1, a projection qj G Mji. {Nj), a nonzero partial isometry Vj G . (M) and a 
unital normal ^-homomorphism vr : A„ — qj'M.nj{Nj)qj such that the unital inclusion 7 r(A„) C 
qjM.nj{Nj)qj is with expectation and avj = VjTT{a) for all a € An- By |HU15l Proposition 
2.7 (2)], we have VjV* G {An)' n M = {An)' n Mi, v*Vj G M.„^(A(j) and u*((A„)' n Mfivj C 
v*Vj'M.nj{Nj)v*Vj. Observe that 7 r(Afc) C ^{An) is with expectation for every k >n (since A„ 
is abelian). Hence, the inclusion ' 7 r(Afc) C qjNln {Nj)qj is with expectation for every k > n. 
As in the second paragraph in case (i) we observe that u*((Afc)' n Mfivj C v*VjNlnj{Nj)v*Vj 
for every k > n. Since Mi = VneN((^^)^ O Mfi, we finally obtain v*MiVj C {Nj)v*jVj. 

Case (iii). Assume that Mi possesses an amenable finite von Neumann subalgebra A with 
expectation such that A'nMj = Z{A) and J\fMi{A)" = Mi. Since Mj is not a type I factor, it is 
easy to see that A is necessarily diffuse and hence [HU15[ Proposition 2.7] shows that A' nM = 
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A' r\ Mi = 2(A) and Mm(A)" = AfMiiA)" = Mj. By Theorem 14.61 there exists j = a{i) € J 
such that A :<m Nj. Namely, there exist Uj > 1, a projection qj € M„.(Nj), a nonzero partial 
isometry Vj G Mi^„.(M) and a unital normal ^-homomorphism vr : ^ such 

that the unital inclusion tt{A) C (Njjgj is with expectation and avj = Vj7r(a) for all 

a £ A. By |HU151 Proposition 2.7], we have vjv* £ A' n M = A' n Mi and v*Vj £ 
and hence v*MiVj C 


Case (iv). Assume that Mi is a IIi factor that possesses a regular diffuse von Neumann 
subalgebra A C Mj with relative property (T). By Theorem 14.81 there exists j = a(i) £ J 


£ Mi and v*MiVj C v*VjM.nj{Nj)v*Vj. 


such that A Nj. In the exactly same way as in the proof of case (iii), we conclude that 

there exist rij > 1 and a nonzero partial isometry Vj £ (M) such that VjVj £ 'M.nj(Nj 

- - 


We have completed the proof of the desired intermediate assertion (<C>). 


By symmetry, for any given j £ J, there exist i = P(j) £ I, rui > 1 and a nonzero par¬ 
tial isometry Wi £ 'M.i^m.(M) such that w*Wi £ Mmi(Mj), WiW* £ Nj and w*NjWi C 
w*Wi^rn.i(Mi)w*Wi. Moreover, the unital inclusion w*NjWi C w*WiM.rrn{Mi)w*'Wi is with 
expectation. 


T-i ’ T 4- 

hor every i £ 1, put :■ 

Observe that 

^ («(*))) 




(i)) 


aii)i'ni(M). 

= W*Wi (g) 


C WiWiMm,iM0,^^,^i)^)wiWi (g) M„^(.j(C) 


_ / (^CK(i))\* (^CK(i)) 


= ) 


w- 


A/T f /T \{ (^ci(i))\* (^Q:(i)) 


Since the inclusion w*N^i^i-^Wi C w*WiM.rni(Mpi^aii-^^)w*Wi is with expectation, so is the above 
inclusion. 


Since Mi and N^^i) are diffuse factors and since the projection (va(i))*Va(i) £ Mn^^.^(Na(i)) has 
finite trace if JVa(i) is semifinite as claimed in the first paragraph of the proof, up to shrinking 
S Mi if necessary, we may further choose the partial isometry Va(i) £ (M) 

so that in (A'„(j)). Since is a factor, we can 

find a nonzero partial isometry u £ M.n^^^■^(Na(i)) such that uu* = (va(i))*Va(i) and u*u < 

Then v := Va(i)uw'^°‘''''"‘ is a nonzero partial isometry in such 

that 


vv =v^(i^uw- (u;. ^’ ) u (n„(j)) 

V v=(w- '•’ ) u (n„(j)) v^(i^uw- 


= = ^^a(i)K(i))* e Mi 


and 

(5.1) V*MiV= {w['^"^"^^)*U*{Va(i))* MiVa(i)Uw['^"’'"'’^ 

Note that the inclusions in (|5.1I) are with expectation. 


By Lemma [2.8l we have j5{a(i)) = i for every i £ I. Since the inclusions in (15.11) are with expec¬ 
tation and since vv* £ Mi and v*v £ M.n^|^^~^mi{Mi), we necessarily have v £ M.i^n^^i-)mi(Mi) by 
[HU151 Proposition 2.7 (1)]. Therefore, (|5.1I) must be equality with I3{a(i)) = i. This implies 
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that Va(i)U = G with iva(i)u)(va(i)u)* = G Mi, 

{Va{i)u)*iva{i)U) = U*U G ) and U*{Va{i))*MiVa{t)U = u*uMn^^yNa(i))u*u. By 

symmetry, we have a{f3{j)) = j for every j G J. This shows that a : / —>■ J is indeed a 
bijection and Mi and A^Q(i) stably isomorphic to each other for every i £ I. Hence we have 
proved item (1) of the Main Theorem. 


Assume moreover that Mi is a type III factor for every i £ I. This forces Nj to be a type III 
factor for every j £ J. Therefore, up to conjugating by partial isometries in Mi and we 

may assume that na(^i) = 1 and that there exists a unitary Ui £ U{M) such that UiMiU* = 
for every i £ I. The uniqueness of the bijection a : / ^ J as in item (2) of the Main Theorem 
is guaranteed by Lemma 12.81 Therefore, we have completed the proof of the Main Theorem. 


6. Further results 

Following [OzO.ll IVVObj . we say that a cr-finite diffuse von Neumann algebra M is solid if for 
any diffuse von Neumann subalgebra A d M with expectation, the relative commutant A' dM 
is amenable. More generally, we will say that a u-hnite (not necessarily diffuse) von Neumann 
algebra M is solid if either M is atomic or if its nonzero diffuse direct summand is solid. 
Recall that whenever M is a diffuse solid von Neumann algebra, pM.„(M)p is also solid for all 
n > 1 and all nonzero projections p £ M„(M) (see e.g. [HR,14[ Proposition 3.2] for a similar 
statement and its proof). The class of solid von Neumann algebras includes bi-exact group von 
Neumann algebras [BOOH! [Ozn3j . free quantum group von Neumann algebras [VVn5| and free 
Araki-Woods factors [hHot] . 

Part of the technology provided for proving the Main Theorem also enables us to prove the 
following characterization of solidity for free products with respect to arbitrary faithful normal 
states and over arbitrary index sets. It moreover generalizes the main result of |GJ07j . 

Theorem 6.1. Let I he any nonempty set and {Mi,(pi)i^j be any family of von Neumann 
algebras endowed with any faithful normal states. Then, for the corresponding free product 
{M,p) = *i^j{Mi,(pi), the free product von Neumann algebra M is solid if and only if so are 
all Mi. 

Proof. (The only if part) Assume that some Mi is not solid. By definition, there exist a nonzero 
projection z G Z[Mi) and a diffuse von Neumann subalgebra P C MiZ with expectation such 
that the relative commutant P' n MiZ is nonamenable. Since the unital inclusion P' n MiZ C 
zMiZ is with expectation so is the unital inclusion P' n MiZ C zMz. This implies that the 
unital inclusion P' n MiZ d P' A zMz is with expectation and hence P' fl zMz is nonamenable. 
Therefore, zMz is not solid and neither is M. 

(The if part) Assume that all Mj are solid. Suppose on the contrary that M is not solid. 
Then there exist a diffuse von Neumann subalgebra Q d IqMIq with expectation such that 
the relative commutant Q' D IqMIq is nonamenable. As in the proof of |HU15l Lemma 
2.1], choose a faithful state £ M* such that 1q G M'^ , Q is globally invariant under the 
modular automorphism group cj '^‘3 where ipg = A := is diffuse. Since 

Q'nI qMIq C A'nI qMIq with 1q = 1a is with expectation. A'CiIaMIa is also nonamenable. 
Up to cutting down by a suitable nonzero central projection z G Z{A' fl l^iMl^), for which 
{A' n 1aM1a)z has no amenable direct summand and up to replacing A with Az (note that 
z G M'^ and Az d zMz is with expectation), we may further assume without loss of generality 
that the relative commutant A' n IaMIa has no amenable direct summand. By Theorem 14.41 
there exists i £ I such that A Pm Mi. 

Then there exist n > 1, a projection q £ M„,(Mj), a nonzero partial isometry w £ Mi^„(l^M)g 
and a unital normal *-homomorphism vr : A —>■ gM„(Mj)g such that the unital inclusion 
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'7r(^) C is with expectation and aw = WTr{a) for all a a A. By Remark 12.51 ill both 

of the inclusions Aww* C ww*Mww* and 'k{A)w*w C w*w^n{Ai)w*w are with expectation. 
Proceeding as in the proof of the Main Theorem (case (i)), we have w*w € gM„,(Mj)g and w*Aw 
and w*{A'rilAMlA)w are commuting subalgebras of w*wM.n{Mi)w*w with expectation. Since 
w*Aw is diffuse and w*{A' n 1aM1a)w is not amenable, w*wM.n{Mi)w*w is not solid. This 
however contradicts the fact that Mi is solid. □ 

The first part of the above proof actually shows that any von Neumann subalgebra of a solid 
von Neumann algebra with expectation must be solid. 

Remark 6.2. Recall that a tracial von Neumann algebra M is strongly solid if for any amenable 
diffuse von Neumann subalgebra A C M, the normalizer MMiA)" is amenable. Using a combi¬ 
nation of the proofs of Theorem 16.11 and [Iol2[ Theorem 1.8] with Theorem 14.61 Ifor tracial von 
Neumann algebras; see the remark after its proof) in place of Theorem 14.41 we can also show 
that a given tracial free product von Neumann algebra over an arbitrary index set is strongly 
solid if and only if so are all the component algebras. 

We point out that we can then obtain examples of strongly solid IIi factors that do not have 
the weak* completely bounded approximation property (CBAP). Indeed, for every n > 1, take 
a lattice r„ < Sp(n, 1) and denote by (M,r) = *nGN\{o}(L(rn)jTr„) the canonical tracial free 
product III factor. By |CS11[ Theorem B] and the above fact, M is a strongly solid IIi factor. 
Moreover, it follows from |CH88j that M does not have the weak* CBAP. 

Remark 6.3. Any diffuse solid von Neumann algebra M with property Gamma (and with 
separable predual) is necessarily amenable. Indeed, by Theorem 13.11 there exists a decreasing 
sequence {An)n of diffuse abelian von Neumann subalgebras of M with expectation such that 
M = \J n M). By solidity, {An)' n M is amenable for every n € N and hence M is 
amenable. 

Appendix A. Normalizers inside semifinite AFP von Neumann algebras 

Ozaw^a Popa’s relative amenability in the semifinite setting. Let (M, Tr) be any semifi¬ 
nite (T-finite von Neumann algebra endowed with a faithful normal semifinite trace and B <Z M 
any von Neumann subalgebra with trace preserving conditional expectation : M ^ B. 
Denote by {M,B) the basic extension associated with and by es the canonical Jones pro¬ 
jection. Then there exists a faithful normal semifinite operator-valued weight, called the dual 
operator-valued weight, E^ : {M,B)a- —5- M_|_ satisfying E_B(eB) = 1 (see e.g. |ILP961 §2.1]). 
Moreover, the linear span of MesM forms a ci-strongly dense ^-subalgebra of {M,B) and 

cr^°E®(e 5 ) = es for all t € R. Thus, Tr^jy^^^^ := Tr o E^ becomes a faithful normal semifinite 
trace on (M, B). 

Theorem A.l. l [OPn7[ Theorem 2.1]) Let p ^ M be any nonzero projection with Tr(p) < -|-oo 
and A C pMp any von Neumann subalgebra. Write r ;= 7 ^^Ti\pMp. The following conditions 
are equivalent: 

(1) There exists an A-central state ip on p{M,B)p such that p\pMp = t. 

(2) There exists an A-central state p on p{M, B)p such that p\pMp is normal and such that 
T\z{A'r\pMp) '^s faithful. 

(3) There exists a conditional expectation : p{M,B)p —>• A such that ^\pMp gives the 
unique t- preserving conditional expectation from pMp onto A. 

(4) There exists a net {f,i)i^i of vectors in L^((M, B), Tr^^^^^) such that 

• PiiP = for all i e I, 

• ^ ^ P^P 

• limi ||a^i - ^ia||2,Tr(M,s> = 0 a e A. 
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We will say that A is amenable relative to B inside M if one of the above equivalent conditions 
holds. 

Proof. Observe that we have a natural identification of L^(p(M, i?)p, Tr^jVL,B) lp(M,_B)p) with 
p ■ L^((M, S), ■ p as pMp-pMp-bimodules. Then the proof of [OPOTl Theorem 2.1] 

applies mutatis mutandis. □ 

Lemma A.2. 1 [OPOTl Corollary 2.3] and |Iol21 Lemma 2.3]) Let p € M be any nonzero 
projection with Tr(p) < +oo and A C pMp any von Neumann subalgebra. Let L be any B-M- 
bimodule. Assume that there exists a net of vectors in pPL with Pi := L^(M, Tr) C- 

such that the following conditions hold: 

• limsupj ||x.^i]|-^ < llx|| 2 ,r for all x G pMp, 

• limsupj ]|^ill^ > 0 and 

• lim* ]|a.^j — fia\\xi = 0 for all a £ A. 

Then there exists a nonzero projection z G Z{A' (IpMp) such that Az is amenable relative to 
B inside M. 

Proof. Observe that (M, B) = (J^)'nB(L^(M)) also acts naturally on PL in this semifinite 
setting, where is the modular conjugation on the standard form L^(M). Then the proof of 
[Iol21 Lemma 2.3] applies mutatis mutandis to obtain item (2) in Theorem lA.il □ 

Vaes’s dichotomy result in the semifinite setting. Let (M,E) = (Mi,Ei) *b (Al 2 ,E 2 ) 
be any semifinite amalgamated free product von Neumann algebra endowed with a faithful 
normal semifinite trace Tr such that Tr o E = Tr. Let q £ B he any nonzero projection such 
that Tr(g) < +oo. Up to replacing Tr with Tpp^Tr if necessary, we may and will assume that 
Tr(g) = 1. 

Denote by F 2 = ( 71 , 72 ) the free group on two generators and put 

(M, E) = (M, E) *B (B ® L(F2),id 0 rpj, 

(Mj,Ei) = (Mi,Ej) *B {B0L{{ji)),id Z) i G {1,2}. 

Denote by F 2 —>■ L(F 2 ) : j 1 —^ A.y the canonical unitary representation and regard L(F 2 ) — 
CIb <8> L(F 2 ) C M. Then we can naturally identify (M,E) = (Mi,Ei) *b (M 2 ,E 2 ). Following 
|IPP051 §2], we can construct a 1-parameter unitary group u\ in L(( 7 j)) (£ Mi d M such that 
uj = and for all t £ R. 

Fix an arbitrary faithful state y G R*. Then * {af 0 id) (see |Ue98al Theorem 

2.6]) and hence uj lies in the centralizer of y o E* for all t G R. Therefore, we have y o 
Ej = (y o Ej) o Ad{ul), implying that E, = Ej o Ad(u() for all t G R. Consequently, 6t := 
Ad(u}) * Ad(n 2 ) G Aut(M) is well-defined for all t G R. A similar consideration shows that 
^^soE _ ^Tr ^ (g) fo^ _ fo with TrB := TrjB so that Tr := Ttb o E gives a faithful normal 

semifinite trace on M extending Tr naturally. The triple (M C M, Tr, 0^) is the semifinite 
analogue of Popa’s malleable deformation for tracial amalgamated free product von Neumann 
algebras as defined in [IPP051 §2]. The basic inequalities such as |Val3[ Eq.(3.1),(3.2)] hold true 
as they are (see e.g. |BHR12[ §3.1] with the necessary refinement along [Val3[ §3.1]). Observe 
that 6t{q) = q for every t G R so that 0t{p) < q for every projection p £ qMq and every t G R. 

Recall that the key observation of [THT 2 ] is that the von Neumann algebra N := V 7 gF 2 ^ 7 -^-^* 
is identified with the amalgamated free product of infinitely many copies of (M, E) over F 2 
as index set and that M admits the crossed product decomposition M = N XAd(A) F 2 whose 
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canonical conditional expectation is denoted by E^v : M ^ N. Moreover, qMq = Q'-/V<?XAd(A)f ’2 
holds naturally and the canonical conditional expectation Eg^g : qMq —qNq coincides with 
the restriction of Etv : M ^ N to qNq since q G B C N C M and thus = 0 for all 

7 G F 2 . 

Theorem A.3 f [Val3[ Theorem 3.2]). Let p G qMq be any nonzero projection and A C pMp 
any von Neumann subalgebra. Assume that for all t G (0,1), OtiA) is amenable relative to qNq 
inside qMq. Then at least one of the following conditions holds: 

• Either A :<m Mi or A :<m M 2 holds. 

• A is amenable relative to B inside M. 

Proof. The proof is identical to the one of |Val3[ Theorem 3.2] with only minor modifications. 
This is why we will only sketch it. The most essential part of Vaes’s proof is done at the Hilbert 
space level and hence it suffices to explain how to provide the right framework to modify the 
proof accordingly. 

The functional r := dehnes a faithful normal tracial state on qMq = qNq XAd(A) F 2 , 

since Tr(( 7 ) = 1. Denote by {qMq, qNq) the basic extension of qMq by EgAg : qMq —> qNq 
with Jones projection Cgisfq. To simplify the notation, we will simply write Tr := ToEgjsfg where 

EgATg : {qMq,qNq)+ qMq^ 

is the dual faithful normal semifinite operator-valued weight satisfying Eg^gicg^q) = IgVg = Q- 

Let I be the set of all the quadruplets i = {X,Y,5,t) with finite subsets X C qMq and 
Y C IA{A), 0 < (5 < 1 and 0 < t < 1. The set I becomes a directed set with the order relation 
{X,Y,5,t) < {X',Y',5',t') defined by A C X', Y C Y', 6 > 6' and t > t'. Since 0t{A) is 
amenable relative to qNq inside qMq, for each i = (X,Y,6,t) G I, |OP07l Theorem 2.1 and 
the remark following it] enables us to find a vector G {{qMq, qNq)) in such a way that 
llCi||2,Tr < 1, 

Ka;?o?i)Tr - 'r(a;)| <5 for all X G A U {{Ot{y) - y)*{9t{y) - y) \ y GY}, 

\\9t{y)Ci - Ci9tiy)\\2,Tr < s for all y GY. 

Observe that hmj(x^j, ^j)Tr = t{x) for all x G qMq and liinj — ^iy]| 2 ,Tr = 0 for all y G A. 

Denote by A C {{qMq, qNq)) the closed linear subspace generated by {xX.yegNq\* \ x G 
qMq,^ G F 2 } and by e : {{qMq, qNq)) —A the orthogonal projection. Note that e G 
{qMq)' ri'B{L‘^{qMq)). Thus, the net := p{l — e)f,i satisfies limsupj ]|x^']| 2 ,Tr < lkll 2 ,r for all 
X G pMp and limj jja^' — C'a]| 2 ,Tr = 0 for all a G A. 

Suppose that A -^m XLi and A -^m M 2 . What we have to show is that A is amenable relative 
to B inside M. By contradiction and proceeding as in the first paragraph of the proof of |Val3[ 
Theorem 3.2], we may and do assume that no corner of A is amenable relative to B inside M, 
that is, Az is not amenable relative to B inside M for any nonzero projection 2: G Z{A' CipMp). 

Observe that {qMq, qNq) = q{M,N)q with CqNq = qoN (= e^q), where {M,N) is the basic 
extension of M by the canonical trace preserving conditional expectation E^r : M —>■ A and also 
that the traces Tr on {qMq, qNq) and Tr oEjv on (M, N) with the dual operator-valued weight 
Ejy agree since E]\f{qe]y) = qEfq{eN) = q. (It is then natural to denote the latter trace by the 
same symbol Tr.) Thus, {{qMq, qNq)) can be identified with g •L^((M, A)) • g. If we identify 
M with the 7 th free product component XjMX*, then we have the decomposition L^(A) = 
L^(M) © (L^(M) Zb X Zb L^(M)) as M-M-bimodules for some H-H-bimodule X (see |Ue98al 
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§2]). Then we see, in the same way as in the proof of [Iol2[ Lemma 4.2], that L^((gMg, qNq))QK, 
is identified, as gMg-gMg-bimodule, with q ■ (L^(M) C.) ■ q C. L^(M) C. for some B-M- 

bimodule C. Thus, Lemma [4.21 implies that linij ||^'|| 2 ,Tr = 0, namely lim* \\pS^i — ep^il| 2 ,Tr = 0. 

As in the proof of [Val3[ Theorem 3.4], we can construct an isometry U : ^^{qMq) ^£‘^{¥ 2 ) —>• 
l7‘{{qMq,qNq)) in such a way that UU* = e and that U{{x 0 l)r]{y (8> 1)) = x{Ur])y for all 
x,y e qMq and all y G L^(gMg)(g)£^(F 2 ). Put Q := U*p^i G pL^(gMg)( 8 )t'^(F 2 ) for every i £ I. 
SmceL\qMq)®f{F2) C L'^{qMq)^f{F2) = (g^l)-( L^(M )0£^(F2))-(g^l) C L^{M)(^e‘^{F2), 
we can follow line by line the rest of the proof of [Val3[ Theorem 3.4, pp 704-709] inside 
L^(M) ^£'^{¥ 2 ) with the following remarks: 

1°. L^(M) = L^(M)0(L^(M)(8 )bT<8)bL^(M)) as M-M-bimodules for some S-S-bimodule 
y and hence L^(M) © L^(M) = L^(M) ®b with some B-M-bimodule Cl. 

2°. A key formula |Val3[ Lemma 3.2] (essentially due to loana) holds even in the semifinite 
setting (whose proof goes along that of |BHR12[ Lemma 3.5]). 

3°. The semifinite counterpart of [Val3[ Theorem 3.1] (that is essentially due to loana- 
Peterson-Popa |IPP05j ) was already provided by Boutonnet-Houdayer-Raum |BHR12[ 
Theorem 3.3] and we need to use it in place of [Val3[ Theorem 3.1]. 

Following line by line the proof of [Val3[ Theorem 3.4, pp 704-709], we can then reach a 
contradiction. Giving the full details is just a task of understanding Vaes’s argument modulo 
the above three remarks. □ 

Let p G qMq be any nonzero projection and A C pMp any von Neumann subalgebra. Assume 
that A is amenable relative to Mi inside M for some i G {1,2}. Then, by checking Theorem lA.il 
(4) and regarding L^(M) as a subspace of L^(M) naturally, we see that A is amenable relative 
to Mi inside M. For every t G (0,1), 6t{A) is amenable relative to 9t{Mi) = u\MiU^* inside M. 
The Jones projection coincides with u\eMiU\* so that {M,9t{Mi)) = {M,Mi) and hence 

9t{A) is amenable relative to Mj and also to N since Mi C N. Since {qMq,qNq) = q{M,N)q 
(see the proof of Theorem IA.3I) . 9t{A) is amenable relative to qNq inside qMq thanks to 
Theorem lA.ll (11. Applying Popa-Vaes’s dichotomy result |PVlll Theorem 1.6 and Remark 
6.3] to 9t{A) C qMq = qNq XAd(A) ^ 2 , we have that at least one of the following conditions 
holds: 9tiA) qNq or 9t{MpMp{A)") (c is amenable relative to qNq 

inside qMq. Since this is true for every t G (0,1), at least one of the following conditions holds: 

(A) 9t{A) Q^Q, and hence 9t{A) N for some t G (0,1) or 

(B) 9t{MpMp{A)") is amenable relative to qNq inside qMq for every t G (0,1). 

In case (A), we use [BHR,12[ Theorem 3.4] (whose proof actually works even when the projec¬ 
tion p there lies in Projf(A4) rather than Projf(B)) and the consequence is that A :<m B or 
AfpMp{A)" :<M Mi for some i G {1, 2}. In case (B), Theorem [A^l implies that MpUpi-^)" Am Mi 
for some i G {1,2} or MpMpiA)" is amenable relative to B inside M. Consequently, we obtain 
the following result. 

Theorem A.4. Let p G qMq be any nonzero projection and A C pMp any von Neumann 
subalgebra. Assume that A is amenable relative to one of the Mi inside M. Then at least one 
of the following holds: 

• A Am B. 

• Either AfpMpiA)" Am Mi or AfpMpiA)" Am M 2 holds. 

• AfpMp{A)" is amenable relative to B inside M. 
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Suppose that A is amenable. Then A is amenable relative to any von Neumann subalgebra 
with expectation inside M. Hence the above dichotomy holds. Suppose moreover that B 
is also amenable but MpMp{A)" is not. Then, it is impossible that AfpMp{A)" is amenable 
relative to B inside M. In fact, there exists a (non-normal) conditional expectation from 
B(pL^(M)) onto p{M,B)p since B is amenable and thus J\fpMp{A)'' must be amenable, a 
contradiction. Therefore, the dichotomy becomes that one of A B, MpMp{A)" :<m Mi and 
AfpMp{A)" :<M M 2 holds true. 
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